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This lesson covers This lesson covers linearized gravitylinearized gravity, the framework for describing , the framework for describing weakweak gravity in  gravity in 

general relativity. Linearized gravity allows us to describe two main applications: the general relativity. Linearized gravity allows us to describe two main applications: the 

Newtonian limitNewtonian limit and  and gravitational wavesgravitational waves. We'll also be able to describe frame . We'll also be able to describe frame 

dragging, gravitational wave detectors and other applications within this framework.dragging, gravitational wave detectors and other applications within this framework.

  
I'd recommend working through this I'd recommend working through this after Lesson 12 after Lesson 12 of the course. While linearized of the course. While linearized 

gravity is a stand-alone topic, we will use many of the mathematical tools from gravity is a stand-alone topic, we will use many of the mathematical tools from 

previous lessons, so having an understanding of those first should be beneficial.previous lessons, so having an understanding of those first should be beneficial.
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1. 1. The General Framework of Linearized GravityThe General Framework of Linearized Gravity

  
  
General relativity is a non-linear theory, and solving Einstein's equations (analytically) is General relativity is a non-linear theory, and solving Einstein's equations (analytically) is 

only possible in very special situations. Linearized gravity falls under these "special only possible in very special situations. Linearized gravity falls under these "special 

situations" - it is a general situations" - it is a general frameworkframework that can be used to solve the field equations for  that can be used to solve the field equations for 

many different spacetimes under the assumption that spacetime curvature is many different spacetimes under the assumption that spacetime curvature is weakweak..
  
In this context, "weak" means that all In this context, "weak" means that all non-linearnon-linear terms in the Einstein field equations are  terms in the Einstein field equations are 

so small they can be taken as zero, which makes the field equations themselves so small they can be taken as zero, which makes the field equations themselves linearlinear. In . In 

the language of differential equations, this usually translates to "much simpler to solve".the language of differential equations, this usually translates to "much simpler to solve".

  
For this section, we'll begin by discussing some general aspects and mathematical rules of For this section, we'll begin by discussing some general aspects and mathematical rules of 

linearized gravity. If you don't care about the details of the calculations behind, for linearized gravity. If you don't care about the details of the calculations behind, for 

example, the Einstein field equations, all the important results are highlighted, so it is example, the Einstein field equations, all the important results are highlighted, so it is 

possible to just glance over the following sections. After developing the basic possible to just glance over the following sections. After developing the basic 

mathematical framework, we'll discuss gauge transformations and some applications.mathematical framework, we'll discuss gauge transformations and some applications.

  

1.1. 1.1. The Rules of Linearized GravityThe Rules of Linearized Gravity

  
The starting point for linearized gravity is to mathematically describe a The starting point for linearized gravity is to mathematically describe a weakly curvedweakly curved  
spacetime. The way to do this is to pick a spacetime. The way to do this is to pick a background spacetimebackground spacetime and add a correction to  and add a correction to 

it, which represents how curvature makes the "full" metric deviate from that background.it, which represents how curvature makes the "full" metric deviate from that background.

  
In the case of linearized gravity, we usually pick the background as theIn the case of linearized gravity, we usually pick the background as the flat flat  Minkowski Minkowski 

spacetimespacetime of special relativity described by the Minkowski metric  of special relativity described by the Minkowski metric . . 𝜂𝜂 == diagdiag --11,, 11,, 11,, 11𝜇𝜈𝜇𝜈 (( ))

The metric of the "full" curved spacetime is then this background metric The metric of the "full" curved spacetime is then this background metric plusplus a small  a small 

correction called a correction called a metric perturbationmetric perturbation, which we, which we  denote by denote by . This perturbation . This perturbation hh𝜇𝜈𝜇𝜈
describes how our full metric deviates from the background, in this case flat spacetime:describes how our full metric deviates from the background, in this case flat spacetime:

  

gg == 𝜂𝜂 ++ hh𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈

  
So, the key idea behind this framework is to split the spacetime into a So, the key idea behind this framework is to split the spacetime into a background background and an and an 

additional additional fieldfield on top of it. This field, the metric perturbation, is what contains gravity. on top of it. This field, the metric perturbation, is what contains gravity.
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An important assumption here is that the background metric is expressed in Cartesian An important assumption here is that the background metric is expressed in Cartesian 

coordinates, so it really has the formcoordinates, so it really has the form  , and importantly,, and importantly,  . . 𝜂𝜂 == diagdiag --11,, 11,, 11,, 11𝜇𝜈𝜇𝜈 (( )) ∂∂ 𝜂𝜂 == 00𝛼𝛼 𝜇𝜈𝜇𝜈

If needed, we can always perform a coordinate transformation to some other coordinate If needed, we can always perform a coordinate transformation to some other coordinate 

system at the end, but the intermediate calculations we'll do assume that the background system at the end, but the intermediate calculations we'll do assume that the background 

metric is constantmetric is constant. The linearized gravity metric can then be written in the general form:. The linearized gravity metric can then be written in the general form:

  

gg == ∼∼𝜇𝜈𝜇𝜈

--11 ++ hh0000 hh0101 hh0202 hh0303

hh0101 11 ++ hh1111 hh1212 hh1313

hh0202 hh1212 11 ++ hh2222 hh2323

hh0303 hh1313 hh2323 11 ++ hh3333

--11 ++ hh0000 hh0i0i

hh0i0i 𝛿𝛿 ++ hhijij ijij

  
So far, this is just a way to rewrite the metric. Linearized gravity is the study ofSo far, this is just a way to rewrite the metric. Linearized gravity is the study of weak weak  
gravity, so it additionally assumes that the gravity, so it additionally assumes that the perturbation perturbation  is small is small. Mathematically, . Mathematically, hh𝜇𝜈𝜇𝜈

'small''small'  means that anything means that anything non-linearnon-linear in the perturbation is taken as zero in the perturbation is taken as zero  - so, - so, 

schematically schematically ,,   and so on. Because derivatives of the perturbation also  and so on. Because derivatives of the perturbation also hh ∼∼ 0022 hh ∼∼ 0033

contribute to gravity, these are also taken to be small, socontribute to gravity, these are also taken to be small, so  ,,   as well as  as well as ∂h∂h ∼∼ 00(( ))22
∂h∂h ∼∼ 00(( ))33

anything of the formanything of the form  ..h∂hh∂h ∼∼ 00
  

The Assumptions of Linearized GravityThe Assumptions of Linearized Gravity
  

• • The metric tensorThe metric tensor can be written as can be written as  ..gg == 𝜂𝜂 ++ hh𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈

  
• • The metric perturbationsThe metric perturbations  are smallare small, which means any terms containing , which means any terms containing 

higher powers in higher powers in  are zero - so, anything like  are zero - so, anything like ..hh𝜇𝜈𝜇𝜈 hh hh ≈≈ 00𝜇𝜈𝜇𝜈 𝛼𝛽𝛼𝛽
  

• • The metric perturbation varies slowlyThe metric perturbation varies slowly, so derivatives of , so derivatives of  are also small,  are also small, 

and any terms of the form and any terms of the form  or  or ..
hh𝜇𝜈𝜇𝜈

hh ∂∂ hh ≈≈ 00𝜇𝜈𝜇𝜈 𝜎𝜎 𝛼𝛽𝛼𝛽 ∂∂ hh ∂∂ hh ≈≈ 00λλ 𝜇𝜈𝜇𝜈 𝜎𝜎 𝛼𝛽𝛼𝛽

  
These rules essentially remove all non-linearities from general relativity. An important These rules essentially remove all non-linearities from general relativity. An important 

consequence of this is that indices are raised and lowered with the background Minkowski consequence of this is that indices are raised and lowered with the background Minkowski 

metric (if we were to raise them with the full metric, we'd get non-linear terms). The metric (if we were to raise them with the full metric, we'd get non-linear terms). The 

perturbation perturbation  behaves more like an "external" field on top of a flat background  behaves more like an "external" field on top of a flat background hh𝜇𝜈𝜇𝜈
spacetime, and any tensor operations are done strictly with the background metric.spacetime, and any tensor operations are done strictly with the background metric.
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Inverse Metric & Christoffel Symbols In The Linearized LimitInverse Metric & Christoffel Symbols In The Linearized Limit

  
  
The first couple of things these rules allow us to work out are the inverse metric and The first couple of things these rules allow us to work out are the inverse metric and 

the Christoffel symbols. We can find the inverse metric from the definition that the Christoffel symbols. We can find the inverse metric from the definition that 

, which can also be written in terms of the Minkowski metric as:, which can also be written in terms of the Minkowski metric as:gg gg == 44𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈

  
gg gg == 𝜂𝜂 𝜂𝜂𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈

  
Inserting the metric in the form Inserting the metric in the form , we find:, we find:gg == 𝜂𝜂 ++ hh𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈

  
𝜂𝜂 ++ hh gg == 𝜂𝜂 𝜂𝜂     ⇒⇒   𝜂  𝜂 gg ++ hh gg == 𝜂𝜂 𝜂𝜂(( 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈)) 𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈

  
Now, we can rewrite the second term as Now, we can rewrite the second term as . Here, the upper-index . Here, the upper-index 

metric perturbation means metric perturbation means , because indices are raised with the , because indices are raised with the 

Minkowski metric. We can insert Minkowski metric. We can insert  into this once more to get: into this once more to get:

hh gg == hh gg𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈

hh == 𝜂𝜂 𝜂𝜂 hh𝜇𝜈𝜇𝜈 𝜇𝛼𝜇𝛼 𝜈𝛽𝜈𝛽
𝛼𝛽𝛼𝛽

gg == 𝜂𝜂 ++ hh𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈

  
𝜂𝜂 gg ++ hh gg == 𝜂𝜂 𝜂𝜂𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈

⇒⇒   𝜂  𝜂 gg ++ hh 𝜂𝜂 ++ hh == 𝜂𝜂 𝜂𝜂𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈(( 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈)) 𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈

⇒⇒   𝜂  𝜂 gg ++ hh 𝜂𝜂 ++ == 𝜂𝜂 𝜂𝜂𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈 hh hh𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢≈0≈0

𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈

⇒⇒   𝜂  𝜂 gg == 𝜂𝜂 𝜂𝜂 -- hh𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈

  
From this, we can identify the inverse metric as:From this, we can identify the inverse metric as:

  
gg == 𝜂𝜂 -- hh == 𝜂𝜂 -- 𝜂𝜂 𝜂𝜂 hh𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝛼𝜇𝛼 𝜈𝛽𝜈𝛽

𝛼𝛽𝛼𝛽

  
So, the inverse metric picks up a minus sign but otherwise has the same kind of form So, the inverse metric picks up a minus sign but otherwise has the same kind of form 

as as . The perturbation . The perturbation  with with upper indices upper indices here is here is  ..gg == 𝜂𝜂 ++ hh𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 hh𝜇𝜈𝜇𝜈 hh == 𝜂𝜂 𝜂𝜂 hh𝜇𝜈𝜇𝜈 𝜇𝛼𝜇𝛼 𝜈𝛽𝜈𝛽
𝛼𝛽𝛼𝛽
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With this, we can now calculate the Christoffel symbols from the general formula:With this, we can now calculate the Christoffel symbols from the general formula:

  

ΓΓλλ
𝜇𝜈𝜇𝜈 == gg ∂∂ gg ++ ∂∂ gg -- ∂∂ gg

11

22
λ𝛼λ𝛼(( 𝜇𝜇 𝜈𝛼𝜈𝛼 𝜈𝜈 𝜇𝛼𝜇𝛼 𝛼𝛼 𝜇𝜈𝜇𝜈))

  == 𝜂𝜂 -- hh ∂∂ 𝜂𝜂 ++ hh ++ ∂∂ 𝜂𝜂 ++ hh -- ∂∂ 𝜂𝜂 ++ hh
11

22
λ𝛼λ𝛼 λ𝛼λ𝛼 (( 𝜇𝜇(( 𝜈𝛼𝜈𝛼 𝜈𝛼𝜈𝛼)) 𝜈𝜈(( 𝜇𝛼𝜇𝛼 𝜇𝛼𝜇𝛼)) 𝛼𝛼(( 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈))))

  == 𝜂𝜂 ∂∂ hh ++ ∂∂ hh -- ∂∂ hh -- hh ∂∂ hh ++ ∂∂ hh -- ∂∂ hh
11

22
λ𝛼λ𝛼(( 𝜇𝜇 𝜈𝛼𝜈𝛼 𝜈𝜈 𝜇𝛼𝜇𝛼 𝛼𝛼 𝜇𝜈𝜇𝜈))

11

22
λ𝛼λ𝛼(( 𝜇𝜇 𝜈𝛼𝜈𝛼 𝜈𝜈 𝜇𝛼𝜇𝛼 𝛼𝛼 𝜇𝜈𝜇𝜈))

  
Here, we used the fact that derivatives of the Minkowski metric are zero because of Here, we used the fact that derivatives of the Minkowski metric are zero because of 

our background coordinate choice (this is the place where assuming a our background coordinate choice (this is the place where assuming a CartesianCartesian  
background really begins to simplify things). In the second term, we have terms of the background really begins to simplify things). In the second term, we have terms of the 

form form , which vanish in our linearized approximation. We therefore have:, which vanish in our linearized approximation. We therefore have:hh ∂∂ hhλ𝛼λ𝛼
𝜇𝜇 𝜈𝛼𝜈𝛼

  

ΓΓλλ
𝜇𝜈𝜇𝜈 ≈≈ 𝜂𝜂 ∂∂ hh ++ ∂∂ hh -- ∂∂ hh

11

22
λ𝛼λ𝛼(( 𝜇𝜇 𝜈𝛼𝜈𝛼 𝜈𝜈 𝜇𝛼𝜇𝛼 𝛼𝛼 𝜇𝜈𝜇𝜈))

  
So, the Christoffel symbols involve raising indices with the Minkowski metric (as So, the Christoffel symbols involve raising indices with the Minkowski metric (as 

expected) and derivatives calculated directly from the metric perturbation.expected) and derivatives calculated directly from the metric perturbation.

  

1.2. 1.2. The Linearized Einstein Field EquationsThe Linearized Einstein Field Equations

  
Our goal here, ultimately, is to write down the Einstein field equations for linearized Our goal here, ultimately, is to write down the Einstein field equations for linearized 

gravity and solve them. For that, we'll need the Einstein tensor, which is constructed out of gravity and solve them. For that, we'll need the Einstein tensor, which is constructed out of 

the Riemann tensor, Ricci tensor and Ricci scalar. Let's work these out next.the Riemann tensor, Ricci tensor and Ricci scalar. Let's work these out next.

  
We'll begin with the Riemann tensor, which involves both derivatives of Christoffel We'll begin with the Riemann tensor, which involves both derivatives of Christoffel 

symbols and products of Christoffel symbols. These products of Christoffel symbols, which symbols and products of Christoffel symbols. These products of Christoffel symbols, which 

schematically have the form schematically have the form , are , are non-linearnon-linear in the metric. These  in the metric. These ΓΓΓΓ ∼∼ 𝜂∂h𝜂∂h𝜂∂h𝜂∂h ∼∼ ∂h∂h(( ))22

should vanish in our linearized approximation, which gives us for the Riemann tensor:should vanish in our linearized approximation, which gives us for the Riemann tensor:

  
RR == ∂∂ ΓΓ -- ∂∂ ΓΓ ++ ΓΓ ΓΓ -- ΓΓ ΓΓ ≈≈ ∂∂ ΓΓ -- ∂∂ ΓΓλλ
𝜇𝛽𝜈𝜇𝛽𝜈 𝛽𝛽

λλ
𝜇𝜈𝜇𝜈 𝜈𝜈

λλ
𝜇𝛽𝜇𝛽

𝛼𝛼
𝜇𝜈𝜇𝜈

λλ
𝛼𝛽𝛼𝛽

𝛼𝛼
𝜇𝛽𝜇𝛽

λλ
𝛼𝜈𝛼𝜈 𝛽𝛽

λλ
𝜇𝜈𝜇𝜈 𝜈𝜈

λλ
𝜇𝛽𝜇𝛽
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Let's plug in the Christoffel symbols we found earlier (the terms in Let's plug in the Christoffel symbols we found earlier (the terms in redred cancel each other): cancel each other):
  

RR
λλ
𝜇𝛽𝜈𝜇𝛽𝜈 == ∂∂ -- ∂∂𝛽𝛽

ΓΓλλ
𝜇𝜈𝜇𝜈

⏜⏜⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏝⏝⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏞⏞
𝜂𝜂 ∂∂ hh ++ ∂∂ hh -- ∂∂ hh

11

22
λ𝛼λ𝛼(( 𝜇𝜇 𝜈𝛼𝜈𝛼 𝜈𝜈 𝜇𝛼𝜇𝛼 𝛼𝛼 𝜇𝜈𝜇𝜈)) 𝜈𝜈

ΓΓλλ
𝜇𝛽𝜇𝛽

⏜⏜⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏝⏝⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏞⏞
𝜂𝜂 ∂∂ hh ++ ∂∂ hh -- ∂∂ hh

11

22
λ𝛼λ𝛼(( 𝜇𝜇 𝛽𝛼𝛽𝛼 𝛽𝛽 𝜇𝛼𝜇𝛼 𝛼𝛼 𝜇𝛽𝜇𝛽))

  == 𝜂𝜂 ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh
11

22
λ𝛼λ𝛼(( 𝛽𝛽 𝜇𝜇 𝜈𝛼𝜈𝛼 𝛽𝛽 𝜈𝜈 𝜇𝛼𝜇𝛼 𝛽𝛽 𝛼𝛼 𝜇𝜈𝜇𝜈 𝜈𝜈 𝜇𝜇 𝛽𝛼𝛽𝛼 𝜈𝜈 𝛽𝛽 𝜇𝛼𝜇𝛼 𝜈𝜈 𝛼𝛼 𝜇𝛽𝜇𝛽))

== 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh
11

22
λ𝛼λ𝛼(( 𝛽𝛽 𝜇𝜇 𝜈𝛼𝜈𝛼 𝛽𝛽 𝛼𝛼 𝜇𝜈𝜇𝜈 𝜈𝜈 𝜇𝜇 𝛽𝛼𝛽𝛼 𝜈𝜈 𝛼𝛼 𝜇𝛽𝜇𝛽))

  
This is our Riemann tensor. For the Ricci tensor, we need to contract the indices This is our Riemann tensor. For the Ricci tensor, we need to contract the indices  and  and ::λλ 𝛽𝛽
  

RR == RR𝜇𝜈𝜇𝜈
λλ
𝜇𝜇λλ𝜈𝜈 == 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh

11

22
λλ𝛼𝛼(( λλ 𝜇𝜇 𝜈𝛼𝜈𝛼 λλ 𝛼𝛼 𝜇𝜈𝜇𝜈 𝜈𝜈 𝜇𝜇 λλ𝛼𝛼 𝜈𝜈 𝛼𝛼 𝜇𝜇λλ))

  == 𝜂𝜂 ∂∂ ∂∂ hh -- 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ 𝜂𝜂 hh ++ 𝜂𝜂 ∂∂ ∂∂ hh
11

22
λ𝛼λ𝛼

λλ 𝜇𝜇 𝜈𝛼𝜈𝛼
λ𝛼λ𝛼

λλ 𝛼𝛼 𝜇𝜈𝜇𝜈 𝜈𝜈 𝜇𝜇
λ𝛼λ𝛼

λ𝛼λ𝛼
λ𝛼λ𝛼

𝜈𝜈 𝛼𝛼 𝜇λ𝜇λ

  
We've moved the Minkowski metric inside the derivatives in the third term, where we can We've moved the Minkowski metric inside the derivatives in the third term, where we can 

definedefine   (i.e. the trace of the metric perturbation - for the Minkowski metric,  (i.e. the trace of the metric perturbation - for the Minkowski metric, 𝜂𝜂 hh == hhλ𝛼λ𝛼
λ𝛼λ𝛼

this is alwaysthis is always  , but we don't know what it is for the metric perturbation). On , but we don't know what it is for the metric perturbation). On 𝜂𝜂 𝜂𝜂 == 44λ𝛼λ𝛼
λ𝛼λ𝛼

the other terms, the Minkowski metric simply raises indices asthe other terms, the Minkowski metric simply raises indices as  . We then have:. We then have:𝜂𝜂 ∂∂ == ∂∂λ𝛼λ𝛼
λλ

𝛼𝛼

  

RR𝜇𝜈𝜇𝜈 == 𝜂𝜂 ∂∂ ∂∂ hh -- 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ 𝜂𝜂 hh ++ 𝜂𝜂 ∂∂ ∂∂ hh
11

22
λ𝛼λ𝛼

λλ 𝜇𝜇 𝜈𝛼𝜈𝛼
λ𝛼λ𝛼

λλ 𝛼𝛼 𝜇𝜈𝜇𝜈 𝜈𝜈 𝜇𝜇
λ𝛼λ𝛼

λ𝛼λ𝛼
λ𝛼λ𝛼

𝜈𝜈 𝛼𝛼 𝜇λ𝜇λ

  == ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh
11

22
𝜇𝜇

𝛼𝛼
𝜈𝛼𝜈𝛼

𝛼𝛼
𝛼𝛼 𝜇𝜈𝜇𝜈 𝜈𝜈 𝜇𝜇 𝜈𝜈

λλ
𝜇λ𝜇λ

  == ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh
11

22
𝜇𝜇

𝛼𝛼
𝜈𝛼𝜈𝛼 𝜈𝜈

𝛼𝛼
𝜇𝛼𝜇𝛼 𝛼𝛼

𝛼𝛼
𝜇𝜈𝜇𝜈 𝜈𝜈 𝜇𝜇

  
In the last step, we've relabeled the dummy index In the last step, we've relabeled the dummy index  to an  to an  and moved some of the terms around.  and moved some of the terms around. λλ 𝛼𝛼

There is no real content in this, other than make the formula a bit nicer-looking!There is no real content in this, other than make the formula a bit nicer-looking!
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Next, let's do the Ricci scalar. For that, we need to contract Next, let's do the Ricci scalar. For that, we need to contract  with the Minkowski metric: with the Minkowski metric:RR𝜇𝜈𝜇𝜈

  

RR == 𝜂𝜂 RR𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈 == 𝜂𝜂 ∂∂ ∂∂ hh ++ 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ 𝜂𝜂 hh -- 𝜂𝜂 ∂∂ ∂∂ hh

11

22
𝜇𝜈𝜇𝜈

𝜇𝜇
𝛼𝛼

𝜈𝛼𝜈𝛼
𝜇𝜈𝜇𝜈

𝜈𝜈
𝛼𝛼

𝜇𝛼𝜇𝛼 𝛼𝛼
𝛼𝛼 𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈

𝜈𝜈 𝜇𝜇

  == ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh
11

22
𝜈𝜈 𝛼𝛼

𝜈𝛼𝜈𝛼
𝜇𝜇 𝛼𝛼

𝜇𝛼𝜇𝛼 𝛼𝛼
𝛼𝛼 𝜇𝜇

𝜇𝜇

  
We only summation indices in all of the terms here, which we can be relabel freely. So, We only summation indices in all of the terms here, which we can be relabel freely. So, 

relabeling relabeling  in the first term and  in the first term and   in the third term, we can combine the terms:in the third term, we can combine the terms:𝜈𝜈 𝜇𝜇→→ 𝜇𝜇 𝛼𝛼→→

  

RR == ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh == ∂∂ ∂∂ hh -- ∂∂ ∂∂ h h  ∂ ∂ ∂∂ hh -- ∂∂ ∂∂ hh
11

22
𝜇𝜇 𝛼𝛼

𝜇𝜇𝛼𝛼
𝜇𝜇 𝛼𝛼

𝜇𝛼𝜇𝛼 𝛼𝛼
𝛼𝛼 𝛼𝛼

𝛼𝛼
𝜇𝜇 𝛼𝛼

𝜇𝛼𝜇𝛼
𝛼𝛼

𝛼𝛼

𝜇𝜇 𝛽𝛽→→

== 𝛽𝛽 𝛼𝛼
𝛽𝛼𝛽𝛼

𝛼𝛼
𝛼𝛼

  
Let's construct the Einstein tensor next. All we need to do is plug the Ricci tensor and Ricci Let's construct the Einstein tensor next. All we need to do is plug the Ricci tensor and Ricci 

scalar in scalar in . We use . We use  here instead of  here instead of  as per the linearized  as per the linearized GG == RR -- R𝜂R𝜂 // 22𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜂𝜂𝜇𝜈𝜇𝜈 gg𝜇𝜈𝜇𝜈
framework (we would end up with non-linear terms if we used the fullframework (we would end up with non-linear terms if we used the full   here). This gives: here). This gives:gg𝜇𝜈𝜇𝜈
  

GG𝜇𝜈𝜇𝜈 == ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh 𝜂𝜂
11

22
𝜇𝜇

𝛼𝛼
𝜈𝛼𝜈𝛼 𝜈𝜈

𝛼𝛼
𝜇𝛼𝜇𝛼 𝛼𝛼

𝛼𝛼
𝜇𝜈𝜇𝜈 𝜈𝜈 𝜇𝜇

11

22
𝛽𝛽 𝛼𝛼

𝛼𝛽𝛼𝛽
𝛼𝛼

𝛼𝛼 𝜇𝜈𝜇𝜈

  == ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh -- 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ 𝜂𝜂 ∂∂ ∂∂ hh
11

22
𝜇𝜇

𝛼𝛼
𝜈𝛼𝜈𝛼 𝜈𝜈

𝛼𝛼
𝜇𝛼𝜇𝛼 𝜇𝜈𝜇𝜈

𝛽𝛽 𝛼𝛼
𝛼𝛽𝛼𝛽 𝛼𝛼

𝛼𝛼
𝜇𝜈𝜇𝜈 𝜇𝜇 𝜈𝜈 𝜇𝜈𝜇𝜈

𝛼𝛼
𝛼𝛼

  
This is pretty much as far as we can simplify the Einstein tensor for now. We can now write This is pretty much as far as we can simplify the Einstein tensor for now. We can now write 

down the Einstein field equations. For a general energy-momentum tensordown the Einstein field equations. For a general energy-momentum tensor  , they are:, they are:TT𝜇𝜈𝜇𝜈

  

GG == TT𝜇𝜈𝜇𝜈
8𝜋G8𝜋G

cc44 𝜇𝜈𝜇𝜈

⇒⇒     ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh -- 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ 𝜂𝜂 hh == TT𝜇𝜇
𝛼𝛼

𝜈𝛼𝜈𝛼 𝜇𝜇 𝜈𝜈 𝜈𝜈
𝛼𝛼

𝜇𝛼𝜇𝛼 𝜇𝜈𝜇𝜈
𝛽𝛽 𝛼𝛼

𝛼𝛽𝛼𝛽
𝛼𝛼

𝛼𝛼 𝜇𝜈𝜇𝜈
𝛼𝛼

𝛼𝛼 𝜇𝜈𝜇𝜈
16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈

  
These are theThese are the Einstein field equations for linearized gravity Einstein field equations for linearized gravity. We will be able to simplify . We will be able to simplify 

them a lot still by exploiting some of the freedom - via so-called them a lot still by exploiting some of the freedom - via so-called gauge transformationsgauge transformations -   -  
we have in defining the metric perturbation we have in defining the metric perturbation . In fact, we will be able to find the general . In fact, we will be able to find the general hh𝜇𝜈𝜇𝜈
solution to these equations for (almost) any energy-momentum tensor.solution to these equations for (almost) any energy-momentum tensor.
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2. 2. An Introduction To Gauge TransformationsAn Introduction To Gauge Transformations

  
  
The next topic we'll discuss are The next topic we'll discuss are gauge transformationsgauge transformations for linearized gravity. The idea is  for linearized gravity. The idea is 

that writing the metric as that writing the metric as  leaves some ambiguity in how the perturbation leaves some ambiguity in how the perturbation  gg == 𝜂𝜂 ++ hh𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈

 is chosen with respect to the background  is chosen with respect to the background . There turn out to be many physically . There turn out to be many physically hh𝜇𝜈𝜇𝜈 𝜂𝜂𝜇𝜈𝜇𝜈
equivalentequivalent perturbation perturbations, which are all related by something called s, which are all related by something called gauge transformationsgauge transformations..
  
Gauge transformations are at the heart of any application of linearized gravity, so we'll be Gauge transformations are at the heart of any application of linearized gravity, so we'll be 

using them throughout this lesson. I cover them in a more general context in my book using them throughout this lesson. I cover them in a more general context in my book 

Field Theory For The Non-Physicist Field Theory For The Non-Physicist if that's something you want to learn more about. What if that's something you want to learn more about. What 

we do here with linearized gravity is just one example use case ofwe do here with linearized gravity is just one example use case of gauge field theories gauge field theories..
  

2.1. 2.1. What Are Gauge Transformations?What Are Gauge Transformations?

  
Gauge transformations, in the context of linearized gravity, are a special set of Gauge transformations, in the context of linearized gravity, are a special set of coordinate coordinate 

transformationstransformations that  that leave the background metric leave the background metric   unchanged unchanged but change the but change the 𝜂𝜂𝜇𝜈𝜇𝜈
perturbationperturbation  . That might sound weird at first since we would expect . That might sound weird at first since we would expect  -like the  -like the hh𝜇𝜈𝜇𝜈 𝜂𝜂𝜇𝜈𝜇𝜈
components of components of anyany tensor - to change under coordinate transformations. tensor - to change under coordinate transformations.

  
The key here is that it's the full metric The key here is that it's the full metric   that matters, and under any that matters, and under any gg == 𝜂𝜂 ++ hh𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈

coordinate transformation, the components coordinate transformation, the components   do indeed transform like they should. do indeed transform like they should. gg𝜇𝜈𝜇𝜈
However, because of linearity, certain transformations ofHowever, because of linearity, certain transformations of   can be  can be recastrecast as  as gg == 𝜂𝜂 ++ hh𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈

gauge transformations of gauge transformations of , while keeping the background , while keeping the background   fixedfixed. The full metric is . The full metric is hh𝜇𝜈𝜇𝜈 𝜂𝜂𝜇𝜈𝜇𝜈
transformed, but any terms resulting from that transformation can be "absorbed" into transformed, but any terms resulting from that transformation can be "absorbed" into ..hh𝜇𝜈𝜇𝜈
  
Let's develop this idea further now. We can start from the fact that under an arbitrary Let's develop this idea further now. We can start from the fact that under an arbitrary 

coordinate transformation, the components of the metric should transform as:coordinate transformation, the components of the metric should transform as:

  

== ΛΛ ΛΛ gg == 𝜂𝜂 ++ hh == 𝜂𝜂 ++ hhgg⏨⏨𝜇𝜈𝜇𝜈
𝛼𝛼
𝜇𝜇⏨⏨

𝛽𝛽
𝜈𝜈⏨⏨ 𝛼𝛽𝛼𝛽

∂x∂x

∂∂

𝛼𝛼

xx⏨⏨𝜇𝜇

∂x∂x

∂∂

𝛽𝛽

xx⏨⏨𝜈𝜈
(( 𝛼𝛽𝛼𝛽 𝛼𝛽𝛼𝛽))

∂x∂x

∂∂

𝛼𝛼

xx⏨⏨𝜇𝜇

∂x∂x

∂∂

𝛽𝛽

xx⏨⏨𝜈𝜈 𝛼𝛽𝛼𝛽
∂x∂x

∂∂

𝛼𝛼

xx⏨⏨𝜇𝜇

∂x∂x

∂∂

𝛽𝛽

xx⏨⏨𝜈𝜈 𝛼𝛽𝛼𝛽

  
Here, Here,  is the Jacobian matrix for the coordinate transformation from a set of  is the Jacobian matrix for the coordinate transformation from a set of ΛΛ == ∂x∂x // ∂∂𝛼𝛼

𝜇𝜇⏨⏨
𝛼𝛼 xx⏨⏨𝜇𝜇

coordinates coordinates  to some new set of coordinates,  to some new set of coordinates, . The Jacobian matrix was covered in Lesson 2.. The Jacobian matrix was covered in Lesson 2.xx xx⏨⏨
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These two terms here describe how the background Minkowski metric These two terms here describe how the background Minkowski metric  and the  and the 𝜂𝜂𝛼𝛽𝛼𝛽
perturbation perturbation  transform under a completely general coordinate transformation: transform under a completely general coordinate transformation:hh𝛼𝛽𝛼𝛽
  

, and , and ..
== 𝜂𝜂𝜂𝜂⏨⏨𝜇𝜈𝜇𝜈

∂x∂x

∂∂

𝛼𝛼

xx⏨⏨𝜇𝜇

∂x∂x

∂∂

𝛽𝛽

xx⏨⏨𝜈𝜈 𝛼𝛽𝛼𝛽

== hhhh⏨⏨𝜇𝜈𝜇𝜈
∂x∂x

∂∂

𝛼𝛼

xx⏨⏨𝜇𝜇

∂x∂x

∂∂

𝛽𝛽

xx⏨⏨𝜈𝜈 𝛼𝛽𝛼𝛽

== ++gg⏨⏨𝜇𝜈𝜇𝜈 𝜂𝜂⏨⏨𝜇𝜈𝜇𝜈 hh⏨⏨𝜇𝜈𝜇𝜈

  
Gauge transformations are now the subset of transformations that Gauge transformations are now the subset of transformations that leave the background leave the background 

fixedfixed, so , so . These turn out to be transformations having the following form:. These turn out to be transformations having the following form:== 𝜂𝜂𝜂𝜂⏨⏨𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈

  

== xx ++ 𝜉𝜉xx⏨⏨𝜇𝜇 𝜇𝜇 𝜇𝜇

  
This is a transformation that shifts each point This is a transformation that shifts each point  by a  by a smallsmall amount amount  . Small, in this . Small, in this xx𝜇𝜇 𝜉𝜉𝜇𝜇

context, means the same it did forcontext, means the same it did for  , so anything of the form , so anything of the form , , , , , or, or   can be  can be hh 𝜉𝜉22
∂𝜉∂𝜉(( ))22 𝜉∂𝜉𝜉∂𝜉 h𝜉h𝜉

neglected. The shift neglected. The shift  can vary from point to point, so  can vary from point to point, so . This kind of . This kind of 𝜉𝜉𝜇𝜇 𝜉𝜉 ≡≡ 𝜉𝜉 xx𝜇𝜇 𝜇𝜇(( ))
coordinate transformation is essentially an arbitrary, but coordinate transformation is essentially an arbitrary, but infinitesimalinfinitesimal coordinate shift: coordinate shift:
  

To understand what this coordinate transformation does, we'll need the Jacobian matrix. To understand what this coordinate transformation does, we'll need the Jacobian matrix. 

The "old" coordinates (The "old" coordinates (withoutwithout a bar) are given by  a bar) are given by , so the Jacobian matrix is:, so the Jacobian matrix is:xx == -- 𝜉𝜉𝜇𝜇 xx⏨⏨𝜇𝜇 𝜇𝜇

  

ΛΛ == == -- 𝜉𝜉 == 𝛿𝛿 --𝛼𝛼
𝜇𝜇⏨⏨

∂∂xx

∂∂

𝛼𝛼

xx⏨⏨𝜇𝜇

∂∂

∂∂xx⏨⏨𝜇𝜇
xx⏨⏨𝛼𝛼 𝛼𝛼 𝛼𝛼

𝜇𝜇
∂∂𝜉𝜉

∂∂

𝛼𝛼

xx⏨⏨𝜇𝜇

  
Here, we've used the fact that Here, we've used the fact that  equals 1 if  equals 1 if  and zero otherwise: so,  and zero otherwise: so, ..∂∂ // ∂∂xx⏨⏨𝛼𝛼 xx⏨⏨𝜇𝜇 𝛼𝛼 == 𝜇𝜇 ∂∂ // ∂∂ == 𝛿𝛿xx⏨⏨𝛼𝛼 xx⏨⏨𝜇𝜇 𝛼𝛼

𝜇𝜇
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We can write the derivative We can write the derivative  here by using the chain rule as: here by using the chain rule as:∂𝜉∂𝜉 // ∂∂𝛼𝛼 xx⏨⏨𝜇𝜇

  

ΛΛ == 𝛿𝛿 -- == 𝛿𝛿 --𝛼𝛼
𝜇𝜇⏨⏨

𝛼𝛼
𝜇𝜇

∂∂𝜉𝜉

∂∂

𝛼𝛼

xx⏨⏨𝜇𝜇
𝛼𝛼
𝜇𝜇

∂x∂x

∂∂

𝜈𝜈

xx⏨⏨𝜇𝜇

∂∂𝜉𝜉

∂x∂x

𝛼𝛼

𝜈𝜈

  
But But  is just the Jacobian again, which we just found to be is just the Jacobian again, which we just found to be  . . ∂x∂x // ∂∂𝜈𝜈 xx⏨⏨𝜇𝜇 ΛΛ == 𝛿𝛿 -- ∂∂𝜉𝜉 // ∂∂𝜈𝜈

𝜇𝜇⏨⏨
𝜈𝜈
𝜇𝜇

𝜈𝜈 xx⏨⏨𝜇𝜇

Then, using the approximation Then, using the approximation  (because  (because  and its derivatives are small): and its derivatives are small):∂𝜉∂𝜉 ≈≈ 00(( ))22 ξξ
  

ΛΛ == 𝛿𝛿 -- 𝛿𝛿 -- == 𝛿𝛿 -- ++ ≈≈ 𝛿𝛿 -- ≡≡ 𝛿𝛿 -- ∂∂ 𝜉𝜉𝛼𝛼
𝜇𝜇⏨⏨

𝛼𝛼
𝜇𝜇

𝜈𝜈
𝜇𝜇

∂∂𝜉𝜉

∂∂

𝜈𝜈

xx⏨⏨𝜇𝜇

∂∂𝜉𝜉

∂x∂x

𝛼𝛼

𝜈𝜈
𝛼𝛼
𝜇𝜇 𝛿𝛿𝜈𝜈𝜇𝜇

∂∂𝜉𝜉

∂x∂x

𝛼𝛼

𝜈𝜈

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=∂𝜉=∂𝜉 /∂x/∂x𝛼𝛼 𝜇𝜇

∂∂𝜉𝜉

∂∂

𝜈𝜈

xx⏨⏨𝜇𝜇

∂∂𝜉𝜉

∂x∂x

𝛼𝛼

𝜈𝜈

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢≈0≈0

𝛼𝛼
𝜇𝜇

∂∂𝜉𝜉

∂x∂x

𝛼𝛼

𝜇𝜇
𝛼𝛼
𝜇𝜇 𝜇𝜇

𝛼𝛼

  
This result tells us that, in this context, there is no difference between taking derivatives This result tells us that, in this context, there is no difference between taking derivatives 

with respect to the "new" coordinates with respect to the "new" coordinates   and the "original" coordinatesand the "original" coordinates  . We can now . We can now xx⏨⏨ xx
calculate how our metric tensor components transform as follows:calculate how our metric tensor components transform as follows:

  

  
Notice this contains only the Notice this contains only the original original background Minkowski metric background Minkowski metric ! The effect of the ! The effect of the 𝜂𝜂𝜇𝜈𝜇𝜈
transformation are these transformation are these -terms, which we can "absorb" into a transformed -terms, which we can "absorb" into a transformed ∂𝜉∂𝜉

perturbation perturbation . We could then interpret the whole thing as a . We could then interpret the whole thing as a == hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉hh⏨⏨𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜇 𝜈𝜈 𝜈𝜈 𝜇𝜇

transformation of transformation of onlyonly  , with the background coordinates themselves kept fixed:, with the background coordinates themselves kept fixed:hh𝜇𝜈𝜇𝜈
  

== 𝜂𝜂𝜂𝜂⏨⏨𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈

== hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉hh⏨⏨𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜇 𝜈𝜈 𝜈𝜈 𝜇𝜇

  
  

  

gg⏨⏨𝜇𝜈𝜇𝜈 == ΛΛ ΛΛ 𝜂𝜂 ++ ΛΛ ΛΛ hh𝛼𝛼
𝜇𝜇⏨⏨

𝛽𝛽
𝜈𝜈⏨⏨ 𝛼𝛽𝛼𝛽

𝛼𝛼
𝜇𝜇⏨⏨

𝛽𝛽
𝜈𝜈⏨⏨ 𝛼𝛽𝛼𝛽

  == 𝛿𝛿 -- ∂∂ 𝜉𝜉 𝛿𝛿 -- ∂∂ 𝜉𝜉 𝜂𝜂 ++ 𝛿𝛿 -- ∂∂ 𝜉𝜉 𝛿𝛿 -- ∂∂ 𝜉𝜉 hh𝛼𝛼
𝜇𝜇 𝜇𝜇

𝛼𝛼 𝛽𝛽
𝜈𝜈 𝜈𝜈

𝛽𝛽
𝛼𝛽𝛼𝛽

𝛼𝛼
𝜇𝜇 𝜇𝜇

𝛼𝛼 𝛽𝛽
𝜈𝜈 𝜈𝜈

𝛽𝛽
𝛼𝛽𝛼𝛽

  == -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉 ++ ∂∂ 𝜉𝜉 ∂∂ 𝜉𝜉 𝜂𝜂 ++ -- ∂∂ 𝜉𝜉 𝛿𝛿 hh𝛿𝛿 𝛿𝛿 𝜂𝜂𝛼𝛼
𝜇𝜇

𝛽𝛽
𝜈𝜈 𝛼𝛽𝛼𝛽

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=𝜂=𝜂𝜇𝜈𝜇𝜈

𝜇𝜇
𝛼𝛼 𝛿𝛿 𝜂𝜂

𝛽𝛽
𝜈𝜈 𝛼𝛽𝛼𝛽

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=𝜂=𝜂𝛼𝜈𝛼𝜈

𝜈𝜈
𝛽𝛽 𝛿𝛿 𝜂𝜂𝛼𝛼𝜇𝜇 𝛼𝛽𝛼𝛽

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=𝜂=𝜂𝜇𝛽𝜇𝛽

𝜇𝜇
𝛼𝛼

𝜈𝜈
𝛽𝛽

𝛼𝛽𝛼𝛽 𝛿𝛿 𝛿𝛿 hh𝛼𝛼
𝜇𝜇

𝛽𝛽
𝜈𝜈 𝛼𝛽𝛼𝛽

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=h=h𝜇𝜈𝜇𝜈

𝜇𝜇
𝛼𝛼 𝛽𝛽

𝜈𝜈 𝛼𝛼

        --𝛿𝛿 ∂∂ 𝜉𝜉 hh ++ ∂∂ 𝜉𝜉 ∂∂ 𝜉𝜉 hh𝛼𝛼
𝜇𝜇 𝜈𝜈

𝛽𝛽
𝛼𝛽𝛼𝛽 𝜇𝜇

𝛼𝛼
𝜈𝜈

𝛽𝛽
𝛼𝛽𝛼𝛽

  == 𝜂𝜂 -- ∂∂ -- ∂∂ ++ hh𝜇𝜈𝜇𝜈 𝜇𝜇 𝜉𝜉 𝜂𝜂𝛼𝛼 𝛼𝜈𝛼𝜈

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=𝜉=𝜉𝜈𝜈

𝜈𝜈 𝜉𝜉 𝜂𝜂𝛽𝛽 𝜇𝛽𝜇𝛽

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=𝜉=𝜉𝜇𝜇

𝜇𝜈𝜇𝜈

  == 𝜂𝜂 ++ hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜇 𝜈𝜈 𝜈𝜈 𝜇𝜇

≈≈ 00
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This is precisely what we mean by a This is precisely what we mean by a gauge transformationgauge transformation: a coordinate transformation : a coordinate transformation 

recast as a transformation of the "field" recast as a transformation of the "field" . So, the metric perturbation is now better . So, the metric perturbation is now better hh𝜇𝜈𝜇𝜈
thought of as an "external" tensor field on top of a fixed background spacetime:thought of as an "external" tensor field on top of a fixed background spacetime:

  
This kind of "recasting" allows us to forget about coordinate transformations altogether This kind of "recasting" allows us to forget about coordinate transformations altogether 

and to think of these transformations as being done directly to the metric perturbation and to think of these transformations as being done directly to the metric perturbation 

. Of course, the math is still the same regardless of how we choose to interpret it.. Of course, the math is still the same regardless of how we choose to interpret it.hh𝜇𝜈𝜇𝜈
  

Gauge transformationsGauge transformations in linearized gravity are direct transformations of the metric  in linearized gravity are direct transformations of the metric 

perturbation of the form perturbation of the form , where , where  is an arbitrary vector. is an arbitrary vector.hh  h h -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉𝜇𝜈𝜇𝜈 →→ 𝜇𝜈𝜇𝜈 𝜇𝜇 𝜈𝜈 𝜈𝜈 𝜇𝜇 𝜉𝜉𝜇𝜇

  
The really interesting thing about these gauge transformations is that they leave the The really interesting thing about these gauge transformations is that they leave the 

curvature tensors curvature tensors completelycompletely unaffected. We can see this explicitly by looking at the  unaffected. We can see this explicitly by looking at the 

Riemann tensor. The "gauge-transformed" Riemann tensor components Riemann tensor. The "gauge-transformed" Riemann tensor components  are: are:RR⏨⏨λλ
𝜇𝛽𝜈𝜇𝛽𝜈

  

RR⏨⏨λλ
𝜇𝛽𝜈𝜇𝛽𝜈 == 𝜂𝜂 ∂∂ ∂∂ -- ∂∂ ∂∂ -- ∂∂ ∂∂ ++ ∂∂ ∂∂

11

22
λ𝛼λ𝛼(( 𝛽𝛽 𝜇𝜇hh⏨⏨𝜈𝛼𝜈𝛼 𝛽𝛽 𝛼𝛼hh⏨⏨𝜇𝜈𝜇𝜈 𝜈𝜈 𝜇𝜇hh⏨⏨𝛽𝛼𝛽𝛼 𝜈𝜈 𝛼𝛼hh⏨⏨𝜇𝛽𝜇𝛽))

  == 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉 -- ∂∂ ∂∂ hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉
11

22
λ𝛼λ𝛼

𝛽𝛽 𝜇𝜇(( 𝜈𝛼𝜈𝛼 𝜈𝜈 𝛼𝛼 𝛼𝛼 𝜈𝜈)) 𝛽𝛽 𝛼𝛼(( 𝜇𝜈𝜇𝜈 𝜇𝜇 𝜈𝜈 𝜈𝜈 𝜇𝜇))

                          -- ∂∂ ∂∂ hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉 ++ ∂∂ ∂∂ hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉𝜈𝜈 𝜇𝜇(( 𝛽𝛼𝛽𝛼 𝛽𝛽 𝛼𝛼 𝛼𝛼 𝛽𝛽)) 𝜈𝜈 𝛼𝛼(( 𝜇𝛽𝜇𝛽 𝜇𝜇 𝛽𝛽 𝛽𝛽 𝜇𝜇))

  == 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ ∂∂ 𝜉𝜉 -- ∂∂ ∂∂ ∂∂ 𝜉𝜉 -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ ∂∂ 𝜉𝜉 ++ ∂∂ ∂∂ ∂∂ 𝜉𝜉
11

22
λ𝛼λ𝛼

𝛽𝛽 𝜇𝜇 𝜈𝛼𝜈𝛼 𝛽𝛽 𝜇𝜇 𝜈𝜈 𝛼𝛼 𝛽𝛽 𝜇𝜇 𝛼𝛼 𝜈𝜈 𝛽𝛽 𝛼𝛼 𝜇𝜈𝜇𝜈 𝛽𝛽 𝛼𝛼 𝜇𝜇 𝜈𝜈 𝛽𝛽 𝛼𝛼 𝜈𝜈 𝜇𝜇

                            --∂∂ ∂∂ hh ++ ∂∂ ∂∂ ∂∂ 𝜉𝜉 ++ ∂∂ ∂∂ ∂∂ 𝜉𝜉 ++ ∂∂ ∂∂ hh -- ∂∂ ∂∂ ∂∂ 𝜉𝜉 -- ∂∂ ∂∂ ∂∂ 𝜉𝜉𝜈𝜈 𝜇𝜇 𝛽𝛼𝛽𝛼 𝜈𝜈 𝜇𝜇 𝛽𝛽 𝛼𝛼 𝜈𝜈 𝜇𝜇 𝛼𝛼 𝛽𝛽 𝜈𝜈 𝛼𝛼 𝜇𝛽𝜇𝛽 𝜈𝜈 𝛼𝛼 𝜇𝜇 𝛽𝛽 𝜈𝜈 𝛼𝛼 𝛽𝛽 𝜇𝜇

  == 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh ≡≡ RR
11

22
λ𝛼λ𝛼(( 𝛽𝛽 𝜇𝜇 𝜈𝛼𝜈𝛼 𝛽𝛽 𝛼𝛼 𝜇𝜈𝜇𝜈 𝜈𝜈 𝜇𝜇 𝛽𝛼𝛽𝛼 𝜈𝜈 𝛼𝛼 𝜇𝛽𝜇𝛽)) λλ

𝜇𝛽𝜈𝜇𝛽𝜈
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We can see here that We can see here that , so every component of the Riemann is, so every component of the Riemann is invariant  invariant == RRRR⏨⏨λλ
𝜇𝛽𝜈𝜇𝛽𝜈

λλ
𝜇𝛽𝜈𝜇𝛽𝜈

under a gauge transformation! A general coordinate transformation, while having no under a gauge transformation! A general coordinate transformation, while having no 

physicalphysical effect, would still change the components like  effect, would still change the components like . But a . But a == ΛΛ ΛΛ ΛΛ ΛΛ RRRR⏨⏨λλ
𝜇𝛽𝜈𝜇𝛽𝜈

𝜏𝜏
𝜈𝜈⏨⏨

𝜎𝜎
𝛽𝛽⏨⏨

𝜅𝜅
𝜇𝜇⏨⏨ 𝛼𝛼

λλ⏨⏨ 𝛼𝛼
𝜅𝜎𝜏𝜅𝜎𝜏

gauge transformation does not even do that, rather, it leaves them completely unchanged.gauge transformation does not even do that, rather, it leaves them completely unchanged.

  
This shows directly that the choice of the perturbation This shows directly that the choice of the perturbation , and how we identify it with the , and how we identify it with the hh𝜇𝜈𝜇𝜈
background spacetime, is background spacetime, is notnot unique - there are many different  unique - there are many different 's that produce exactly 's that produce exactly hh𝜇𝜈𝜇𝜈
the same curvature components. Because the Einstein field equations are also the same curvature components. Because the Einstein field equations are also 

consequently invariant, they can only fix the perturbation consequently invariant, they can only fix the perturbation   up to a up to a gaugegauge. We are free . We are free hh𝜇𝜈𝜇𝜈
to choose this gauge however we like, a feature called to choose this gauge however we like, a feature called gauge symmetrygauge symmetry..
  
One consequence of this is that a perturbation of form of a One consequence of this is that a perturbation of form of a pure gaugepure gauge (meaning it can be  (meaning it can be 

written written ) always has ) always has zero curvaturezero curvature. Curvature and gravity are . Curvature and gravity are hh == -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉𝜇𝜈𝜇𝜈 𝜇𝜇 𝜈𝜈 𝜈𝜈 𝜇𝜇

therefore entirely contained in the therefore entirely contained in the gauge-invariantgauge-invariant parts of the perturbation parts of the perturbation  ..hh𝜇𝜈𝜇𝜈
  
To summarize, we can recast linearized gravity as a gauge field theory of the metric To summarize, we can recast linearized gravity as a gauge field theory of the metric 

perturbationperturbation  . This allows us to keep the same . This allows us to keep the same backgroundbackground spacetime, but leaves us  spacetime, but leaves us hh𝜇𝜈𝜇𝜈
with freedom in choosing how with freedom in choosing how  should be identified with respect to that background.  should be identified with respect to that background. hh𝜇𝜈𝜇𝜈
All gauges still describe the same physics, some just might be more convenient in practice.All gauges still describe the same physics, some just might be more convenient in practice.

  

2.2. 2.2. The Lorenz (Harmonic) GaugeThe Lorenz (Harmonic) Gauge

  
In this lesson, we'll mainly work with the so-called the In this lesson, we'll mainly work with the so-called the Lorenz gaugeLorenz gauge. The Lorenz gauge is . The Lorenz gauge is 

perhaps the most widely used gauge in linearized gravity and it works well for describing perhaps the most widely used gauge in linearized gravity and it works well for describing 

both the both the Newtonian limitNewtonian limit and the physics of  and the physics of gravitational wavesgravitational waves. It also works for . It also works for 

analyzing so-called analyzing so-called post-Newtonianpost-Newtonian effects, which we'll get a glimpse of later as well. effects, which we'll get a glimpse of later as well.

  
The Lorenz gauge is usually applied, not directly to The Lorenz gauge is usually applied, not directly to , but to its, but to its  trace-reversedtrace-reversed version,  version, hh𝜇𝜈𝜇𝜈
which we define as the following combination of objects:which we define as the following combination of objects:

  

hh ≡≡ hh -- 𝜂𝜂 hhTRTR
𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈

11

22
𝜇𝜈𝜇𝜈

  
Trace-reversed here means that Trace-reversed here means that  - so, a sign reversal of the trace. - so, a sign reversal of the trace.TrTr hh == 𝜂𝜂 hh == -- hhTRTR 𝜇𝜈𝜇𝜈 TRTR

𝜇𝜈𝜇𝜈
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TheThe Lorenz gauge Lorenz gauge now uses the gauge symmetry discussed earlier to set the  now uses the gauge symmetry discussed earlier to set the 

(four-)(four-)divergencedivergence of this trace-reversed perturbation to zero: of this trace-reversed perturbation to zero:

  

The Lorenz gaugeThe Lorenz gauge
  
∂∂ hh == 00𝜇𝜇 TRTR

𝜇𝜈𝜇𝜈

  
Here, we have a summation over the index Here, we have a summation over the index , so schematically, this would read:, so schematically, this would read:𝜇𝜇
  

∂∂ hh ++ ∂∂ hh ++ ∂∂ hh ++ ∂∂ hh     ⇒⇒   "  "∇∇ ·· hh "" -- ∂∂ hh == 0000 TRTR
0𝜈0𝜈

11 TRTR
1𝜈1𝜈

22 TRTR
2𝜈2𝜈

33 TRTR
3𝜈3𝜈

TRTR
i𝜈i𝜈

11

cc
tt

TRTR
0𝜈0𝜈

  
If you're familiar with electrodynamics, this is the "linearized gravity version" of the Lorenz If you're familiar with electrodynamics, this is the "linearized gravity version" of the Lorenz 

gaugegauge   used there. The difference here is that the Lorenz gauge is  used there. The difference here is that the Lorenz gauge is ∇∇ ·· ++ ∂∂ 𝜙𝜙 // cc == 00AA tt

actually actually four conditionsfour conditions, one for each value of the index , one for each value of the index . Degree-. Degree-𝜈𝜈 == 00,, 11,, 22,, 33 ≡≡ 00,, ii{{ }} {{ }}
of-freedom-wise, imposing the Lorenz gauge reduces the number of independent of-freedom-wise, imposing the Lorenz gauge reduces the number of independent 

components of the metric perturbation components of the metric perturbation   from 10 to 6.from 10 to 6.hh𝜇𝜈𝜇𝜈
  
One question this raises is, how do we know this type of gauge is something we're One question this raises is, how do we know this type of gauge is something we're 

allowed to impose? The way to check if a gauge is valid is to check that it can really be allowed to impose? The way to check if a gauge is valid is to check that it can really be 

written in the form of a gauge transformation. This is analyzed in a bit more detail below.written in the form of a gauge transformation. This is analyzed in a bit more detail below.

  

  
What Does It Mean To Impose The Lorenz Gauge?What Does It Mean To Impose The Lorenz Gauge?

  
  
First, let's remind ourselves of the general form of our gauge transformation. A gauge First, let's remind ourselves of the general form of our gauge transformation. A gauge 

transformation generally takes us from transformation generally takes us from  to a new perturbation to a new perturbation   of the form: of the form:hh𝜇𝜈𝜇𝜈 hh⏨⏨𝜇𝜈𝜇𝜈

  

== hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉hh⏨⏨𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜇 𝜈𝜈 𝜈𝜈 𝜇𝜇

  
In terms of degrees of freedom, a gauge transformation corresponds to choosing a In terms of degrees of freedom, a gauge transformation corresponds to choosing a 

gauge parameter gauge parameter  with  with fourfour components. The Lorenz gauge imposes exactly four  components. The Lorenz gauge imposes exactly four 

such conditions on the perturbation, so it works out degree-of-freedom-wise at least.such conditions on the perturbation, so it works out degree-of-freedom-wise at least.

𝜉𝜉𝜇𝜇
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However, just imposing any four conditions does not automatically make for a valid However, just imposing any four conditions does not automatically make for a valid 

gauge. We also have to check that the transformation can really be written in terms of gauge. We also have to check that the transformation can really be written in terms of 

some four-vector some four-vector . Explicitly, the gauge conditions are always imposed on. Explicitly, the gauge conditions are always imposed on  , the, the  
gauge-transformedgauge-transformed perturbation (though we usually drop the bar notation afterwards). perturbation (though we usually drop the bar notation afterwards).

𝜉𝜉𝜇𝜇 hh⏨⏨𝜇𝜈𝜇𝜈

  
For the Lorenz gauge, we need to first know how the trace-reversed metric transforms For the Lorenz gauge, we need to first know how the trace-reversed metric transforms 

under gauge transformations. Our "original" under gauge transformations. Our "original"  as well as its trace  as well as its trace  transform as: transform as:hh𝜇𝜈𝜇𝜈 hh
  

== hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉hh⏨⏨
𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜇 𝜈𝜈 𝜈𝜈 𝜇𝜇

== 𝜂𝜂 == 𝜂𝜂 hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉 == -- 𝜉𝜉 -- 𝜉𝜉 == hh -- 2∂2∂ 𝜉𝜉hh⏨⏨ 𝜇𝜈𝜇𝜈hh⏨⏨𝜇𝜈𝜇𝜈
𝜇𝜈𝜇𝜈(( 𝜇𝜈𝜇𝜈 𝜇𝜇 𝜈𝜈 𝜈𝜈 𝜇𝜇)) 𝜂𝜂 hh𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=h=h

𝜂𝜂 ∂∂𝜇𝜈𝜇𝜈
𝜇𝜇

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=∂=∂𝜈𝜈

𝜈𝜈 𝜂𝜂 ∂∂𝜇𝜈𝜇𝜈
𝜈𝜈

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=∂=∂𝜇𝜇

𝜇𝜇
𝛼𝛼

𝛼𝛼

To get to the last equality, we replaced both summation indices To get to the last equality, we replaced both summation indices  and combined the terms. and combined the terms.𝜈𝜈,, 𝜇𝜇 𝛼𝛼→→

  
The trace-reversed perturbation would itself then transform as:The trace-reversed perturbation would itself then transform as:
  

hh⏨⏨TRTR
𝜇𝜈𝜇𝜈 == -- 𝜂𝜂 == hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉 -- 𝜂𝜂 hh -- 2∂2∂ 𝜉𝜉hh⏨⏨𝜇𝜈𝜇𝜈

11

22
𝜇𝜈𝜇𝜈hh⏨⏨ 𝜇𝜈𝜇𝜈 𝜇𝜇 𝜈𝜈 𝜈𝜈 𝜇𝜇

11

22
𝜇𝜈𝜇𝜈

𝛼𝛼
𝛼𝛼

  == -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉 ++ 𝜂𝜂 ∂∂ 𝜉𝜉 == hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉 ++ 𝜂𝜂 ∂∂ 𝜉𝜉hh -- 𝜂𝜂 hh𝜇𝜈𝜇𝜈
11

22
𝜇𝜈𝜇𝜈

⏠⏠⏣⏣⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏣⏣⏢⏢hhTRTR
𝜇𝜈𝜇𝜈

𝜇𝜇 𝜈𝜈 𝜈𝜈 𝜇𝜇 𝜇𝜈𝜇𝜈
𝛼𝛼

𝛼𝛼
TRTR
𝜇𝜈𝜇𝜈 𝜇𝜇 𝜈𝜈 𝜈𝜈 𝜇𝜇 𝜇𝜈𝜇𝜈

𝛼𝛼
𝛼𝛼

  
The Lorenz gauge condition would now set The Lorenz gauge condition would now set , which requires:, which requires:∂∂ == 00𝜇𝜇hh⏨⏨TRTR

𝜇𝜈𝜇𝜈
  
∂∂ == 00𝜇𝜇hh⏨⏨TRTR

𝜇𝜈𝜇𝜈

⇒⇒   ∂  ∂ hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉 ++ 𝜂𝜂 ∂∂ 𝜉𝜉 == 00𝜇𝜇 TRTR
𝜇𝜈𝜇𝜈 𝜇𝜇 𝜈𝜈 𝜈𝜈 𝜇𝜇 𝜇𝜈𝜇𝜈

𝛼𝛼
𝛼𝛼

⇒⇒   ∂  ∂ hh -- ∂∂ ∂∂ 𝜉𝜉 -- ∂∂ ∂∂ 𝜉𝜉 ++ == 00𝜇𝜇 TRTR
𝜇𝜈𝜇𝜈

𝜇𝜇
𝜇𝜇 𝜈𝜈 𝜈𝜈

𝜇𝜇
𝜇𝜇 𝜂𝜂 ∂∂𝜇𝜈𝜇𝜈

𝜇𝜇

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=∂=∂𝜈𝜈

∂∂ 𝜉𝜉𝛼𝛼 𝛼𝛼
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
𝛼𝛼 𝜇𝜇→→

⇒⇒   ∂  ∂ hh -- ∂∂ ∂∂ 𝜉𝜉 -- ∂∂ ∂∂ 𝜉𝜉 ++ ∂∂ ∂∂ 𝜉𝜉 == 00𝜇𝜇 TRTR
𝜇𝜈𝜇𝜈

𝜇𝜇
𝜇𝜇 𝜈𝜈 𝜈𝜈

𝜇𝜇
𝜇𝜇 𝜈𝜈

𝜇𝜇
𝜇𝜇

⇒⇒   ∂  ∂ ∂∂ 𝜉𝜉 == ∂∂ hh𝜇𝜇
𝜇𝜇 𝜈𝜈

𝜇𝜇 TRTR
𝜇𝜈𝜇𝜈

  
These are partial differential equations we need to solve for the gauge parameter These are partial differential equations we need to solve for the gauge parameter 

 that puts us into the Lorenz gauge. The idea here is that we have some  that puts us into the Lorenz gauge. The idea here is that we have some 

"original" metric perturbation "original" metric perturbation , which defines , which defines . Then, imposing the Lorenz . Then, imposing the Lorenz 

gauge on this metric amounts to solving the above partial differential equations.gauge on this metric amounts to solving the above partial differential equations.

𝜉𝜉 == 𝜉𝜉 ,, 𝜉𝜉𝜈𝜈 (( 00 ii))

hh𝜇𝜈𝜇𝜈 hhTRTR
𝜇𝜈𝜇𝜈

  

  
  

  

14



We plug in our original We plug in our original , and if we , and if we cancan find a valid solution for find a valid solution for  , we can indeed , we can indeed 

impose the Lorenz gauge by using this impose the Lorenz gauge by using this  to do the transformation to do the transformation  ..
hhTRTR
𝜇𝜈𝜇𝜈 𝜉𝜉𝜈𝜈

ξξ𝜈𝜈 hh     TRTR
𝜇𝜈𝜇𝜈 →→ hh⏨⏨TRTR

𝜇𝜈𝜇𝜈

  
But But cancan we actually solve these differential equations? It turns out that  we actually solve these differential equations? It turns out that we canwe can. These . These 

equations have a generally well-known form of a wave equation with the divergence equations have a generally well-known form of a wave equation with the divergence 

of our originalof our original    as a "source term", and we generally know that such an equation as a "source term", and we generally know that such an equation 

always has a solution (under suitable boundary conditions). The important part is that always has a solution (under suitable boundary conditions). The important part is that 

simply knowing a solution exists is enough to say that simply knowing a solution exists is enough to say that the Lorenz gauge can always the Lorenz gauge can always 

be imposedbe imposed. We don't even need to solve for . We don't even need to solve for , it's enough to note that , it's enough to note that somesome  

solution always exists - when it does, we can use gauge freedom to set solution always exists - when it does, we can use gauge freedom to set ..

hhTRTR
𝜇𝜈𝜇𝜈

𝜉𝜉𝜈𝜈
∂∂ == 00𝜇𝜇hh⏨⏨TRTR

𝜇𝜈𝜇𝜈

  
After imposing the Lorenz gauge, we usually drop the "gauge-transformed" bar-After imposing the Lorenz gauge, we usually drop the "gauge-transformed" bar-

notation and just writenotation and just write    instead of instead of . We just need to be careful then that . We just need to be careful then that   
(or (or ) is now specifically defined ) is now specifically defined inin the Lorenz gauge, so it satisfies the Lorenz gauge, so it satisfies  ).).

hhTRTR
𝜇𝜈𝜇𝜈 hh⏨⏨TRTR

𝜇𝜈𝜇𝜈 hhTRTR
𝜇𝜈𝜇𝜈

hh𝜇𝜈𝜇𝜈 ∂∂ hh == 00𝜇𝜇 TRTR
𝜇𝜈𝜇𝜈

  
Next, let's look at the Einstein field equations in the Lorenz gauge, as this is where the Next, let's look at the Einstein field equations in the Lorenz gauge, as this is where the 

usefulness of this gauge becomes clear. Recall the general linearized field equations:usefulness of this gauge becomes clear. Recall the general linearized field equations:
  

∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh -- 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ 𝜂𝜂 hh == TT𝜇𝜇
𝛼𝛼

𝜈𝛼𝜈𝛼 𝜇𝜇 𝜈𝜈 𝜈𝜈
𝛼𝛼

𝜇𝛼𝜇𝛼 𝜇𝜈𝜇𝜈
𝛽𝛽 𝛼𝛼

𝛼𝛽𝛼𝛽
𝛼𝛼

𝛼𝛼 𝜇𝜈𝜇𝜈
𝛼𝛼

𝛼𝛼 𝜇𝜈𝜇𝜈
16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈

  
By writingBy writing  , we can rewrite the terms with , we can rewrite the terms with - and - and --∂∂ ∂∂ hh == ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh // 22𝜇𝜇 𝜈𝜈 (( 𝜇𝜇 𝜈𝜈 𝜇𝜇 𝜈𝜈 )) ∂∂𝜇𝜇 ∂∂𝜈𝜈

derivatives (by writing them asderivatives (by writing them as   and and  ) in terms of the trace-) in terms of the trace-∂∂ == 𝜂𝜂 ∂∂𝜇𝜇 𝜇𝛼𝜇𝛼
𝛼𝛼

∂∂ == 𝜂𝜂 ∂∂𝜈𝜈 𝛼𝜈𝛼𝜈
𝛼𝛼

reversed perturbation and apply the reversed perturbation and apply the Lorenz gaugeLorenz gauge to them: to them:
  

∂∂ ∂∂ hh -- ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh -- 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ 𝜂𝜂 hh == TT𝜇𝜇
𝛼𝛼

𝜈𝛼𝜈𝛼
11

22
𝜇𝜇 𝜈𝜈

11

22
𝜇𝜇 𝜈𝜈 𝜈𝜈

𝛼𝛼
𝜇𝛼𝜇𝛼 𝜇𝜈𝜇𝜈

𝛽𝛽 𝛼𝛼
𝛼𝛽𝛼𝛽

𝛼𝛼
𝛼𝛼 𝜇𝜈𝜇𝜈

𝛼𝛼
𝛼𝛼 𝜇𝜈𝜇𝜈

16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈

⇒⇒   ∂∂ ∂∂ ++ ∂∂ ∂∂ -- 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ 𝜂𝜂 hh == TT𝜇𝜇
𝛼𝛼 hh -- 𝜂𝜂 hh𝜈𝛼𝜈𝛼

11

22
𝛼𝜈𝛼𝜈

⏠⏠⏣⏣⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏣⏣⏢⏢hhTRTR𝜈𝛼𝜈𝛼

𝜈𝜈
𝛼𝛼 hh -- 𝜂𝜂 hh𝜇𝛼𝜇𝛼

11

22
𝜇𝛼𝜇𝛼

⏠⏠⏣⏣⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏣⏣⏢⏢hhTRTR𝜇𝛼𝜇𝛼

𝜇𝜈𝜇𝜈
𝛽𝛽 𝛼𝛼

𝛼𝛽𝛼𝛽
𝛼𝛼

𝛼𝛼 𝜇𝜈𝜇𝜈
𝛼𝛼

𝛼𝛼 𝜇𝜈𝜇𝜈
16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈

⇒⇒     ∂∂ ∂∂ hh ++ ∂∂ ∂∂ hh -- 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ 𝜂𝜂 hh == TT𝜇𝜇
𝛼𝛼 TRTR

𝜈𝛼𝜈𝛼 𝜈𝜈
𝛼𝛼 TRTR

𝜇𝛼𝜇𝛼 𝜇𝜈𝜇𝜈
𝛽𝛽 𝛼𝛼

𝛼𝛽𝛼𝛽
𝛼𝛼

𝛼𝛼 𝜇𝜈𝜇𝜈
𝛼𝛼

𝛼𝛼 𝜇𝜈𝜇𝜈
16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈

⇒⇒     -- 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ 𝜂𝜂 hh == TT𝜇𝜈𝜇𝜈
𝛽𝛽 𝛼𝛼

𝛼𝛽𝛼𝛽
𝛼𝛼

𝛼𝛼 𝜇𝜈𝜇𝜈
𝛼𝛼

𝛼𝛼 𝜇𝜈𝜇𝜈
16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈
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There is still another simplification we can make. The Lorenz gauge, when written out, There is still another simplification we can make. The Lorenz gauge, when written out, 

allows us to write the four-divergence of allows us to write the four-divergence of  in the following form: in the following form:hh𝛼𝛽𝛼𝛽
  

∂∂ hh -- 𝜂𝜂 hh == 00𝛽𝛽
𝛼𝛽𝛼𝛽

11

22
𝛼𝛽𝛼𝛽

⇒⇒   ∂  ∂ hh -- hh == 00𝛽𝛽
𝛼𝛽𝛼𝛽

11

22
𝜂𝜂 ∂∂𝛼𝛽𝛼𝛽

𝛽𝛽

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=∂=∂𝛼𝛼

⇒⇒   ∂  ∂ hh == ∂∂ hh𝛽𝛽
𝛼𝛽𝛼𝛽

11

22
𝛼𝛼

  
The Einstein field equations then take the following, much much simpler form:The Einstein field equations then take the following, much much simpler form:

  

--𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ 𝜂𝜂 hh == TT𝜇𝜈𝜇𝜈
𝛼𝛼 𝛽𝛽

𝛼𝛽𝛼𝛽
𝛼𝛼

𝛼𝛼 𝜇𝜈𝜇𝜈
𝛼𝛼

𝛼𝛼 𝜇𝜈𝜇𝜈
16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈

⇒⇒     -- 𝜂𝜂 ∂∂ ∂∂ hh -- ∂∂ ∂∂ hh ++ ∂∂ ∂∂ 𝜂𝜂 hh == TT
11

22
𝜇𝜈𝜇𝜈

𝛼𝛼
𝛼𝛼

𝛼𝛼
𝛼𝛼 𝜇𝜈𝜇𝜈

𝛼𝛼
𝛼𝛼 𝜇𝜈𝜇𝜈

16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈

⇒⇒     --∂∂ ∂∂ == TT𝛼𝛼
𝛼𝛼 hh -- 𝜂𝜂 hh𝜇𝜈𝜇𝜈

11

22
𝜇𝜈𝜇𝜈

⏠⏠⏣⏣⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏣⏣⏢⏢hhTRTR
𝜇𝜈𝜇𝜈

16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈

⇒⇒     ∂∂ ∂∂ hh == -- TT𝛼𝛼
𝛼𝛼

TRTR
𝜇𝜈𝜇𝜈

16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈

  
These are the full These are the full Einstein field equations in the Lorenz gaugeEinstein field equations in the Lorenz gauge. Notice how much we . Notice how much we 

were able to simplify them with just a gauge choice? These equations still contain were able to simplify them with just a gauge choice? These equations still contain allall of  of 

the same physics as the "original" ones - a gauge choice doesn't change that. But what the same physics as the "original" ones - a gauge choice doesn't change that. But what 

the Lorenz gauge does is, it allows us to see the the Lorenz gauge does is, it allows us to see the naturenature of these field equations more  of these field equations more 

clearly. If we write out the sum over clearly. If we write out the sum over  and use  and use , we would get:, we would get:𝛼𝛼 ∂∂ == ∂∂ // ∂t∂t // cc,, ∂∂𝛼𝛼 (( ii))

  

∂∂ hh ++ hh == -- TT     ⇒⇒     

-∂-∂00

⏥⏥
∂∂

00
00

TRTR
𝜇𝜈𝜇𝜈

∇∇22

⏜⏜⏟⏟⏟⏟⏝⏝⏟⏟⏟⏟⏞⏞
∂∂ ∂∂

ii
ii

TRTR
𝜇𝜈𝜇𝜈

16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈 ∇∇ hh -- == -- TT22 TRTR
𝜇𝜈𝜇𝜈

11

cc22

∂∂ hh

∂t∂t

22 TRTR
𝜇𝜈𝜇𝜈

22

16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈
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This is a This is a wave equationwave equation for the trace-reversed perturbation. It implies that wave-like  for the trace-reversed perturbation. It implies that wave-like 

solutions for solutions for  might - or should - be possible. The Lorenz gauge turns the Einstein  might - or should - be possible. The Lorenz gauge turns the Einstein hhTRTR
𝜇𝜈𝜇𝜈

field equations into wave equations and pretty much directly suggests the existence of field equations into wave equations and pretty much directly suggests the existence of 

gravitational wavesgravitational waves. Again, I should stress here that this "wave-like" nature was always . Again, I should stress here that this "wave-like" nature was always 

there in the original linearized field equations, the Lorenz gauge just made it obvious.there in the original linearized field equations, the Lorenz gauge just made it obvious.

  
We'll postpone our discussion of gravitational waves for a bit later, after we've looked at We'll postpone our discussion of gravitational waves for a bit later, after we've looked at 

the Newtonian limit first. These field equations, even though they seem to describe waves, the Newtonian limit first. These field equations, even though they seem to describe waves, 

actually reduce to Newtonian gravity when we take their stationary, non-relativistic limit.actually reduce to Newtonian gravity when we take their stationary, non-relativistic limit.

  
  

3. 3. The Newtonian LimitThe Newtonian Limit

  
  
At this point, we've covered the basics of gauge transformations and seen how the At this point, we've covered the basics of gauge transformations and seen how the Lorenz Lorenz 

gaugegauge turns the linearized Einstein field equations into wave equations for out metric  turns the linearized Einstein field equations into wave equations for out metric 

perturbation. We are now ready to dive into applications of linearized gravity, the first one perturbation. We are now ready to dive into applications of linearized gravity, the first one 

of which is the of which is the Newtonian limitNewtonian limit. The Newtonian limit is the . The Newtonian limit is the non-relativistic non-relativistic 

approximationapproximation of general relativity, which expect should reproduce Newtonian gravity. of general relativity, which expect should reproduce Newtonian gravity.

  
The non-relativistic limit assumes all speeds are much below the speed of light, so that The non-relativistic limit assumes all speeds are much below the speed of light, so that 

gravitational effects appear essentially gravitational effects appear essentially instantaneouslyinstantaneously everywhere. This is the Newtonian  everywhere. This is the Newtonian 

"action at a distance", which we'll see can be recovered from the Einstein field equations."action at a distance", which we'll see can be recovered from the Einstein field equations.

  
The plan for our analysis will go as follows. First, we'll write down and solve the field The plan for our analysis will go as follows. First, we'll write down and solve the field 

equations in the Newtonian, non-relativistic case. We'll see how Poisson's equation drops equations in the Newtonian, non-relativistic case. We'll see how Poisson's equation drops 

out from the field equations and what kind of solution for the metric perturbation we find.out from the field equations and what kind of solution for the metric perturbation we find.

  
After that, we'll extend this framework to describe gravity around a rotating mass, which After that, we'll extend this framework to describe gravity around a rotating mass, which 

results in the so-called results in the so-called Lense-Thirring metricLense-Thirring metric. The Lense-Thirring metric describes a "nearly-. The Lense-Thirring metric describes a "nearly-

Newtonian" gravitational field but with some Newtonian" gravitational field but with some relativistic effectsrelativistic effects like  like frame draggingframe dragging..
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3.1. 3.1. The Newtonian Field EquationsThe Newtonian Field Equations

  
Our goal is to now solve the Lorenz gauge field equations in the Newtonian limit. We can Our goal is to now solve the Lorenz gauge field equations in the Newtonian limit. We can 

begin by first writing them out component-wise, which gives us three equations, thebegin by first writing them out component-wise, which gives us three equations, the  -, -, 0000
- and- and  -equations (where the Latin index-equations (where the Latin index   represents spatial components): represents spatial components):0i0i ijij ii == 11,, 22,, 33{{ }}

  

∂∂ ∂∂ hh == -- TT     ⇒⇒     𝛼𝛼
𝛼𝛼

TRTR
𝜇𝜈𝜇𝜈

16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈

∂∂ ∂∂ hh == -- TT𝛼𝛼
𝛼𝛼

TRTR
0000

16𝜋G16𝜋G

cc44 0000

∂∂ ∂∂ hh == -- TT𝛼𝛼
𝛼𝛼

TRTR
0i0i

16𝜋G16𝜋G

cc44 0i0i

∂∂ ∂∂ hh == -- TT𝛼𝛼
𝛼𝛼

TRTR
ijij

16𝜋G16𝜋G

cc44 ijij

  
Our gauge freedom is already used, so the only way to make further simplifications is via Our gauge freedom is already used, so the only way to make further simplifications is via 

physicalphysical assumptions. The  assumptions. The Newtonian limitNewtonian limit is specifically based on the assumption that  is specifically based on the assumption that 

our spacetime is our spacetime is stationary stationary (time-independent), so (time-independent), so . This doesn't mean that a . This doesn't mean that a ∂∂ hh ≈≈ 0000 𝜇𝜈𝜇𝜈

Newtonian gravitational field strictly cannot depend on time, it just has to vary Newtonian gravitational field strictly cannot depend on time, it just has to vary slowlyslowly  
enoughenough  in time compared to space. Recall how the four-derivatives are defined:in time compared to space. Recall how the four-derivatives are defined:
  

∂∂ hh == ==𝛼𝛼 𝜇𝜈𝜇𝜈 ∂∂ hh00 𝜇𝜈𝜇𝜈 ∂∂ hhii 𝜇𝜈𝜇𝜈
11

cc

∂h∂h

∂t∂t
𝜇𝜈𝜇𝜈 ∂h∂h

∂x∂x

𝜇𝜈𝜇𝜈

ii

  
AllAll derivatives of  derivatives of  are already small, so the  are already small, so the -derivatives are -derivatives are extraextra small because they  small because they hh𝜇𝜈𝜇𝜈 ∂∂00

are divided by a factor ofare divided by a factor of  . The assumption. The assumption   should be reasonable  should be reasonable cc ≈≈ 33 ×× 101088
∂∂ hh ≈≈ 0000 𝜇𝜈𝜇𝜈

then, in which case thethen, in which case the  -derivatives in the field equations all turn into -derivatives in the field equations all turn into -derivatives:-derivatives:∂∂𝛼𝛼 ∂∂ii

  

    ⇒⇒     

∂∂ ∂∂ hh == -- TT𝛼𝛼
𝛼𝛼

TRTR
0000

16𝜋G16𝜋G

cc44 0000

∂∂ ∂∂ hh == -- TT𝛼𝛼
𝛼𝛼

TRTR
0i0i

16𝜋G16𝜋G

cc44 0i0i

∂∂ ∂∂ hh == -- TT𝛼𝛼
𝛼𝛼

TRTR
ijij

16𝜋G16𝜋G

cc44 ijij

∇∇ hh == -- TT22 TRTR
0000

16𝜋G16𝜋G

cc44 0000

∇∇ hh == -- TT22 TRTR
0i0i

16𝜋G16𝜋G

cc44 0i0i

∇∇ hh == -- TT22 TRTR
ijij

16𝜋G16𝜋G

cc44 ijij

  
Reminder: in Cartesian coordinates, the Laplacian has the form Reminder: in Cartesian coordinates, the Laplacian has the form ..∇∇ == ∂∂ ++ ∂∂ ++ ∂∂ ≡≡ ∂∂ ∂∂22 22

xx
22
yy

22
zz

ii
ii
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These are the general, These are the general, stationarystationary  Einstein field equationsEinstein field equations in the Lorenz gauge. Each  in the Lorenz gauge. Each 

equation has the form of a Poisson's equation withequation has the form of a Poisson's equation with  , ,   andand   as source terms. as source terms.TT0000 TT0i0i TTijij

  
To solve them and recover the Newtonian limit, we should specify an energy-momentum To solve them and recover the Newtonian limit, we should specify an energy-momentum 

tensor tensor . For this purpose, we'll assume an . For this purpose, we'll assume an idealizedidealized matter distribution, a  matter distribution, a perfect fluidperfect fluid  TT𝜇𝜈𝜇𝜈

to be specific. The energy-momentum tensor of a perfect fluid has the general form to be specific. The energy-momentum tensor of a perfect fluid has the general form 

(discussed in Lesson 5), defined in terms of mass density (discussed in Lesson 5), defined in terms of mass density   and pressureand pressure  ::𝜌𝜌 pp
  

TT == 𝜌𝜌 ++ uu uu ++ p𝜂p𝜂𝜇𝜈𝜇𝜈
pp

cc22 𝜇𝜇 𝜈𝜈 𝜇𝜈𝜇𝜈

  
In the slow-velocity limit (meaning the Lorentz factors In the slow-velocity limit (meaning the Lorentz factors ), these four-velocities can be ), these four-velocities can be γγ ≈≈ 11

written aswritten as  , with , with  the components of 3-velocity (the minus sign comes  the components of 3-velocity (the minus sign comes uu ==𝜇𝜇 --cc vvii vvii

from lowering indices, from lowering indices, ). The explicit components are then:). The explicit components are then:uu == 𝜂𝜂 uu == -- uu == -- cc00 0𝜇0𝜇
𝜇𝜇 00

  

TT == 𝜌𝜌 ++ uu uu ++ p𝜂p𝜂 == 𝜌𝜌 ++ cc -- pp == 𝜌c𝜌c0000
pp

cc22 00 00 0000
pp

cc22
22 22

TT == 𝜌𝜌 ++ uu uu ++ p𝜂p𝜂 == -- 𝜌𝜌 ++ cvcv0i0i
pp

cc22 00 ii 0i0i
pp

cc22 ii

TT == 𝜌𝜌 ++ uu uu ++ p𝜂p𝜂 == 𝜌𝜌 ++ vv vv ++ p𝛿p𝛿ijij
pp

cc22 ii jj ijij
pp

cc22 ii jj ijij

  
Here's where we make our second physical assumption: Newtonian gravitational fields are Here's where we make our second physical assumption: Newtonian gravitational fields are 

primarily dominated by primarily dominated by massmass and gravitational effects from pressure are negligible.  and gravitational effects from pressure are negligible. 

Mathematically, this means that Mathematically, this means that . The. The  - and - and -components are then:-components are then:pp // 𝜌c𝜌c ≈≈ 0022 0i0i ijij
  

TT == -- 11 ++ 𝜌cv𝜌cv ≈≈ -- 𝜌cv𝜌cv0i0i
pp

𝜌c𝜌c22 ii ii

TT == 11 ++ 𝜌v𝜌v vv ++ p𝛿p𝛿 ≈≈ 𝜌v𝜌v vv ++ p𝛿p𝛿ijij
pp

𝜌c𝜌c22 ii jj ijij ii jj ijij

  
Because the velocity components Because the velocity components  are small, any resulting terms like are small, any resulting terms like   or  or   vvii vv // ccii

33 vv vv // ccii jj
44

we may find in the Einstein field equations are going to be we may find in the Einstein field equations are going to be tinytiny..
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In the non-relativistic limit, in fact, the right-hand sides of theIn the non-relativistic limit, in fact, the right-hand sides of the  - and the- and the  -field -field 0i0i ijij
equations approximate to zero due to this slow-velocity approximation (and equations approximate to zero due to this slow-velocity approximation (and ):):pp // cc ≈≈ 0044

  

    ⇒⇒     

∇∇ hh == -- 𝜌𝜌22 TRTR
0000

16𝜋G16𝜋G

cc22

∇∇ hh == 𝜌v𝜌v22 TRTR
0i0i

16𝜋G16𝜋G

cc33 ii

∇∇ hh == -- 𝜌v𝜌v vv -- p𝛿p𝛿22 TRTR
ijij

16𝜋G16𝜋G

cc44 ii jj
16𝜋G16𝜋G

cc44 ijij

∇∇ hh == -- 𝜌𝜌22 TRTR
0000

16𝜋G16𝜋G

cc22

∇∇ hh ≈≈ 0022 TRTR
0i0i

∇∇ hh ≈≈ 0022 TRTR
ijij

  
These are our These are our Newtonian field equationsNewtonian field equations (again in the Lorenz gauge). The (again in the Lorenz gauge). The  - and- and  --0i0i ijij
equations actually have very simple solutions: both have the form ofequations actually have very simple solutions: both have the form of Laplace's equations Laplace's equations, , 
which are generally solved by which are generally solved by harmonic functionsharmonic functions. If we additionally assume our . If we additionally assume our 

gravitational field should go to zero at infinity (which it should physically!), the only gravitational field should go to zero at infinity (which it should physically!), the only 

possible such harmonic functions are preciselypossible such harmonic functions are precisely  ..hh == hh == 00TRTR
0i0i

TRTR
ijij

  

About harmonic functionsAbout harmonic functions:: the solutions the solutions   actually come from just  actually come from just 

one property of harmonic functions: the minimum and maximum of any harmonic one property of harmonic functions: the minimum and maximum of any harmonic 

function can only occur at the function can only occur at the boundaryboundary of the domain they are defined in. In our  of the domain they are defined in. In our 

case, if Laplace's equations hold everywhere, then this domain is all of 3D space, so case, if Laplace's equations hold everywhere, then this domain is all of 3D space, so 

 and  and   must have their minimum and maximum at infinity. If both are also must have their minimum and maximum at infinity. If both are also 

required to go to zero at infinity (a gravitational field should get required to go to zero at infinity (a gravitational field should get infinitelyinfinitely weak if we  weak if we 

go infinitely far from the source), the go infinitely far from the source), the extremaextrema of both must then be zero. The only  of both must then be zero. The only 

functions with a minimum functions with a minimum andand maximum both being zero are exactly  maximum both being zero are exactly ..

hh == hh == 00TRTR
0i0i

TRTR
ijij

hhTRTR
0i0i hhTRTR

ijij

hh == hh == 00TRTR
0i0i

TRTR
ijij

  
So, the unique solutions to theSo, the unique solutions to the  - and - and -equations which decay to zero at infinity are -equations which decay to zero at infinity are 0i0i ijij

 and and   (though, this is only true if  (though, this is only true if  truly everywhere). To solve truly everywhere). To solvehh == 00TRTR
0i0i hh == 00TRTR

ijij TT == 000i0i

thethe  -equation, we should think about what we are actually trying to do here - recover -equation, we should think about what we are actually trying to do here - recover 0000
Newtonian gravity. In Newtonian gravity, gravitational fields can be described by a Newtonian gravity. In Newtonian gravity, gravitational fields can be described by a 

Newtonian gravitational potential Newtonian gravitational potential   that satisfies that satisfies Poisson's equationPoisson's equation::𝜙𝜙
  
∇∇ 𝜙𝜙 == 4𝜋G𝜌4𝜋G𝜌22
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If we want our solution for the metric to match this, we should have ourIf we want our solution for the metric to match this, we should have our  -equation -equation 0000

reduce to exactly this. This then relates reduce to exactly this. This then relates  to the Newtonian gravitational potential: to the Newtonian gravitational potential:hhTRTR
0000

  

∇∇ hh == -- 𝜌  𝜌  ⇒⇒     hh == --22 TRTR
0000

16𝜋G16𝜋G

cc22

TRTR
0000

4𝜙4𝜙

cc22

  
The most general definition of the Newtonian gravitational potential isThe most general definition of the Newtonian gravitational potential is  ..𝜙𝜙 == -- dd x'x'∭∭ G𝜌G𝜌 x'x'

-- ''

(( ))

||xx xx ||

33

  
With this, we've essentially solved the field equations for the Newtonian limit: the With this, we've essentially solved the field equations for the Newtonian limit: the 

solutions are solutions are  and  and . But we are not quite done yet - these . But we are not quite done yet - these hh == -- 4𝜙4𝜙 // ccTRTR
0000

22 hh == hh == 00TRTR
0i0i

TRTR
ijij

are components of the are components of the trace-reversedtrace-reversed perturbation, which was an intermediary definition  perturbation, which was an intermediary definition 

we made. To get the "original" metric perturbation we made. To get the "original" metric perturbation , we can use the definition , we can use the definition hh𝜇𝜈𝜇𝜈
. For the spatial components . For the spatial components , this gives:, this gives:hh == hh -- 𝜂𝜂 hh // 22TRTR

𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 hhijij
  

== hh -- h  h  ⇒⇒   h  h == 𝛿𝛿 hhhhTRTR
ijij

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢≡0≡0

ijij
11

22
𝜂𝜂ijij

⏦⏦𝛿𝛿ijij

ijij
11

22
ijij

  
If the spatial components are given by these, then the trace If the spatial components are given by these, then the trace  is simply: is simply:hh == 𝜂𝜂 hh𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈
  

hh == hh ++ hh == -- hh ++ hh == -- hh ++ h  h  ⇒⇒   h  h == 2h2h𝜂𝜂0000

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
-1-1

0000 𝜂𝜂ijij

⏦⏦𝛿𝛿ijij

ijij 0000
11

22
𝛿𝛿 𝛿𝛿ijij

ijij
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=3=3

0000
33

22
0000

  
Using this, we then get for the Using this, we then get for the -components:-components:0000
  

== hh -- hh == hh ++ ×× 2h2h == 2h2h     ⇒⇒   h  h == --hhTRTR
0000

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
-4𝜙/c-4𝜙/c22

0000
11

22
𝜂𝜂0000
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
-1-1

0000
11

22
0000 0000 0000

2𝜙2𝜙

cc22

  
For theFor the  -components, we have just -components, we have just . Our full solution is therefore:. Our full solution is therefore:0i0i hh == hh == 000i0i

TRTR
0i0i

  

hh == --0000
2𝜙2𝜙

cc22

hh == 000i0i

hh == 𝛿𝛿 hh == hh 𝛿𝛿 == -- 𝛿𝛿ijij
11

22
ijij 0000 ijij

2𝜙2𝜙

cc22 ijij
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We've now completely solved for the metric in the Newtonian limit! Collecting our results, We've now completely solved for the metric in the Newtonian limit! Collecting our results, 

we could write the full metric tensor in awe could write the full metric tensor in a   block matrix (the  block matrix (the -block being -block being ):):22 ×× 22 ijij 33 ×× 33
  

gg == 𝜂𝜂 ++ hh == ==𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈
--11 ++ hh0000 hh0i0i

hh0i0i 𝛿𝛿 ++ hhijij ijij

--11 --
2𝜙2𝜙

cc22
00

00 11 -- 𝛿𝛿
2𝜙2𝜙

cc22 ijij

  
Another quite common way to write this is in terms of theAnother quite common way to write this is in terms of the line element line element::
  

dsds == -- 11 ++ cc dtdt ++ 11 -- 𝛿𝛿 dxdx dxdx22 2𝜙2𝜙

cc22
22 22 2𝜙2𝜙

cc22 ijij
ii jj

  
One useful special case of this is the spacetime around a One useful special case of this is the spacetime around a spherically symmetricspherically symmetric mass  mass 

distribution, which has a Newtonian gravitational potential of distribution, which has a Newtonian gravitational potential of , where , where   is is 𝜙𝜙 rr == -- GMGM // rr(( )) rr
the distance from the center of the mass. The line element would take the form:the distance from the center of the mass. The line element would take the form:

  

dsds == -- 11 -- cc dtdt ++ 11 ++ 𝛿𝛿 dxdx dxdx22 2GM2GM

cc rr22
22 22 2GM2GM

cc rr22 ijij
ii jj

  
So, this is how Newtonian gravity, or the Newtonian limit, arises from general relativity - it So, this is how Newtonian gravity, or the Newtonian limit, arises from general relativity - it 

all comes from the framework of all comes from the framework of linearized gravitylinearized gravity, which we described here using the , which we described here using the 

Lorenz gauge. Linearized gravity itself is much more general than just the Newtonian limit, Lorenz gauge. Linearized gravity itself is much more general than just the Newtonian limit, 

but we recover Newtonian gravity specifically via the following assumptions:but we recover Newtonian gravity specifically via the following assumptions:

  
• • Mass densityMass density provides the dominant contribution to gravity. provides the dominant contribution to gravity.

• • Velocities are smallVelocities are small (non-relativistic), so our spacetime is approximately  (non-relativistic), so our spacetime is approximately stationarystationary..
  
If we If we don't makedon't make these assumptions, then we are not in the Newtonian limit anymore  these assumptions, then we are not in the Newtonian limit anymore 

(though we are still in linearized gravity). Lifting some of these assumptions gives us(though we are still in linearized gravity). Lifting some of these assumptions gives us

what are often called what are often called post-Newtonianpost-Newtonian effects, which we'll take a brief look at next. effects, which we'll take a brief look at next.
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3.2. 3.2. Post-Newtonian Effects: Lense-Thirring MetricPost-Newtonian Effects: Lense-Thirring Metric

  
In the previous section, we saw how mass density provides the most important In the previous section, we saw how mass density provides the most important 

contribution to gravity in the Newtonian limit. However, other forms of energy gravitate contribution to gravity in the Newtonian limit. However, other forms of energy gravitate 

too, they are just negligible in the Newtonian limit. In this section, we'll see how too, they are just negligible in the Newtonian limit. In this section, we'll see how   TT ≠≠ 000i0i

leads to an interesting, purely relativistic effect called leads to an interesting, purely relativistic effect called frame draggingframe dragging sourced by  sourced by angular angular 

momentummomentum. At the end, we'll get to the . At the end, we'll get to the Lense-Thirring metricLense-Thirring metric, which describes the , which describes the 

spacetime around a weakly rotating mass (it's also the weak-field limit of the Kerr metric!).spacetime around a weakly rotating mass (it's also the weak-field limit of the Kerr metric!).
  

  
Our plan here is to assume aOur plan here is to assume a stationary stationary spacetime still, so  spacetime still, so . This is valid in the . This is valid in the ∂∂ hh ≈≈ 0000 𝜇𝜈𝜇𝜈

slow-velocity limit, which means our mass must be rotating slowly. We are still also slow-velocity limit, which means our mass must be rotating slowly. We are still also 

working in the working in the Lorenz gaugeLorenz gauge, which is valid for any linearized spacetime., which is valid for any linearized spacetime.

  
For the energy-momentum tensor, we'll still assume a perfect fluid with mass density For the energy-momentum tensor, we'll still assume a perfect fluid with mass density 

dominating over pressure (the approximation dominating over pressure (the approximation ). Its components themselves are ). Its components themselves are pp // 𝜌c𝜌c ≈≈ 0022

then exactly the same as before: then exactly the same as before: , ,   and and ..TT == 𝜌c𝜌c0000
22 TT ≈≈ -- 𝜌cv𝜌cv0i0i ii TT ≈≈ 𝜌v𝜌v vv ++ p𝛿p𝛿ijij ii jj ijij

  
The velocity componentsThe velocity components  of our source can consist of a linear velocity of our source can consist of a linear velocity   and a rotational and a rotational vvlinlin

ii

velocity of the formvelocity of the form  . If our matter configuration were some extended . If our matter configuration were some extended vv == ××rotrot
ii ((𝜔𝜔 rr))ii

body spinning with angular velocity body spinning with angular velocity  around an axis, the total velocity of a given  around an axis, the total velocity of a given pointpoint  𝜔𝜔

on this body would beon this body would be  . For the Lense-Thirring spacetime, we assume that . For the Lense-Thirring spacetime, we assume that vv == vv ++ vvii
linlin
ii

rotrot
ii

the source is only the source is only rotatingrotating but not moving linearly, so that  but not moving linearly, so that ..vv == vv == ××ii
rotrot
ii ((𝜔𝜔 rr))ii

  
In the field equations, we will keep the source term of theIn the field equations, we will keep the source term of the  -equation and now also the -equation and now also the 0000

first relativistic correction in the first relativistic correction in the -equations (-equations ( ). We'll still neglect the squared ). We'll still neglect the squared 0i0i ∝∝ 𝜌v𝜌v // ccii
33

velocity term and the pressure term in the velocity term and the pressure term in the -equations, so -equations, so   and and ..ijij vv vv // cc ≈≈ 00ii jj
44 pp // cc ≈≈ 0044
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The linearized Einstein's equations will then take the following form, usingThe linearized Einstein's equations will then take the following form, using  ::vv == ××ii ((𝜔𝜔 rr))ii
  

⇒⇒     

∇∇ hh == -- 𝜌𝜌22 TRTR
0000

16𝜋G16𝜋G

cc22

∇∇ hh == 𝜌v𝜌v22 TRTR
0i0i

16𝜋G16𝜋G

cc33 ii

∇∇ hh == -- 𝜌v𝜌v vv -- p𝛿p𝛿22 TRTR
ijij

16𝜋G16𝜋G

cc44 ii jj
16𝜋G16𝜋G

cc44 ijij

∇∇ hh == -- 𝜌𝜌22 TRTR
0000

16𝜋G16𝜋G

cc22

∇∇ hh == 𝜌𝜌 ××22 TRTR
0i0i

16𝜋G16𝜋G

cc33
((𝜔𝜔 rr))ii

∇∇ hh ≈≈ 0022 TRTR
ijij

  
These are the field equations we should solve to find out how the rotation of the central These are the field equations we should solve to find out how the rotation of the central 

mass (mass ( ) affects our linearized spacetime. These equations hold for any ) affects our linearized spacetime. These equations hold for any weaklyweakly  ≠≠ 00𝜔𝜔
gravitating and gravitating and slowly rotatingslowly rotating source, which could be for example Earth. source, which could be for example Earth.

  
Now, theNow, the  - and- and  -equations here have exactly the same forms as before, so we would -equations here have exactly the same forms as before, so we would 0000 ijij
expect them to have the same solutions. They indeed do, so we will have just like before:expect them to have the same solutions. They indeed do, so we will have just like before:

  

    ⇒⇒     
hh == --TRTR

0000

4𝜙4𝜙

cc22

hh == 00TRTR
ijij

hh == --0000
2𝜙2𝜙

cc22

hh == -- 𝛿𝛿ijij
2𝜙2𝜙

cc22 ijij

  
The only thing that has changed is theThe only thing that has changed is the  -equation, which will now give us a non-zero-equation, which will now give us a non-zero    0i0i hh0i0i

as a result. For simplicity, we can assume that our matter configuration is a as a result. For simplicity, we can assume that our matter configuration is a uniform uniform 

spheresphere (so its density (so its density   is constant) rotating with constant  is constant) rotating with constant angular momentumangular momentum  . The . The 𝜌𝜌 JJ
solution solution outsideoutside the mass then turns out to be (you'll find the derivation of this below): the mass then turns out to be (you'll find the derivation of this below):

  

hh == hh == -- ××0i0i
TRTR
0i0i

2G2G

cc rr33 33
((JJ rr))ii
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Solution of The Lense-Thirring Field EquationSolution of The Lense-Thirring Field Equation

  
  
Our goal here is to solve the Our goal here is to solve the -component of the linearized field equations for the -component of the linearized field equations for the 

perturbation componentsperturbation components  . The field equations, however, are for . The field equations, however, are for  (the trace- (the trace-

reversed version of the perturbation) but because reversed version of the perturbation) but because  we have in this case that we have in this case that  
. We can therefore replace the trace-reversed components . We can therefore replace the trace-reversed components 

with the "original"with the "original"  -components, so the equation we need to solve becomes:-components, so the equation we need to solve becomes:

0i0i
hh0i0i hhTRTR

0i0i

𝜂𝜂 == 000i0i

hh == hh -- h𝜂h𝜂 // 22 == hhTRTR
0i0i 0i0i 0i0i 0i0i

0i0i
  

∇∇ hh == ××22
0i0i

16𝜋G𝜌16𝜋G𝜌

cc33
((𝜔𝜔 rr))ii

  
To solve this, we need to know what our rotating source actually looks like. We'll To solve this, we need to know what our rotating source actually looks like. We'll 

assume here that it is a (uniform) rotating sphere of radius assume here that it is a (uniform) rotating sphere of radius . A reasonable ansatz for . A reasonable ansatz for 

the solution, based on linearity, would be that the solution, based on linearity, would be that . All the directional . All the directional 

dependence is contained in the factor dependence is contained in the factor  but we don't know how the solution  but we don't know how the solution 

should depend onshould depend on  . We should therefore also include a function . We should therefore also include a function   in our ansatz:in our ansatz:

RR
hh ∝∝ TT ∝∝ ××0i0i 0i0i ((𝜔𝜔 rr))ii

××𝜔𝜔 rr
rr ff rr(( ))

  
hh == ff rr ××0i0i (( ))((𝜔𝜔 rr))ii
  
This is just a This is just a guessguess at what the solution might look like. We now need to verify it  at what the solution might look like. We now need to verify it 

actually works and solve for actually works and solve for . To do so, we'll plug it into the field equation, and . To do so, we'll plug it into the field equation, and 

using the fact thatusing the fact that   is just a  is just a constantconstant vector, we can bring it outside the Laplacian: vector, we can bring it outside the Laplacian:

ff rr(( ))

𝜔𝜔
  

∇∇ ff rr ×× == ××     ⇒⇒     ×× ∇∇ ff rr == ××22(( (( ))((𝜔𝜔 rr))ii))
16𝜋G𝜌16𝜋G𝜌

cc33
((𝜔𝜔 rr))ii 𝜔𝜔 22(( (( ))rr)) ii

16𝜋G𝜌16𝜋G𝜌

cc33
((𝜔𝜔 rr))ii

  
Now, there exists a general formula for the Laplacian of a "radial function times Now, there exists a general formula for the Laplacian of a "radial function times ". ". 

The formula says that the above equation can be written in the form:The formula says that the above equation can be written in the form:

rr

  

×× == ××𝜔𝜔 rr ++
11

rr22

dd
drdr

22 dfdf rr
drdr
(( )) 22

rr
dfdf rr
drdr
(( ))

rr

⏠⏠⏣⏣⏣⏣⏣⏣⏣⏣⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏣⏣⏣⏣⏣⏣⏣⏣⏢⏢
=∇=∇ ff rr22(( (( ))rr))))

ii

16𝜋G𝜌16𝜋G𝜌

cc33
((𝜔𝜔 rr))ii
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⇒⇒     rr ++ ×× == ××
11

rr22

dd
drdr

22 dfdf rr
drdr
(( )) 22

rr
dfdf rr
drdr
(( ))

((𝜔𝜔 rr))ii
16𝜋G𝜌16𝜋G𝜌

cc33
((𝜔𝜔 rr))ii

  
Both sides have the same factorBoth sides have the same factor  , so we can reduce this to a scalar equation:, so we can reduce this to a scalar equation:××((𝜔𝜔 rr))ii
  

rr ++ ==
11

rr22

dd
drdr

22 dfdf rr
drdr
(( )) 22

rr
dfdf rr
drdr
(( )) 16𝜋G𝜌16𝜋G𝜌

cc33

  
Okay, if we can find a solution for Okay, if we can find a solution for  that satisfies this, the our ansatz for  that satisfies this, the our ansatz for  indeed  indeed 

is valid. The "trick" is to multiply both sides byis valid. The "trick" is to multiply both sides by   and use the product rule to write: and use the product rule to write:

ff rr(( )) hh0i0i

rr44

  

rr ++ == rr44 11

rr22
rr

dd
drdr

22 dfdf rr
drdr
(( ))

⏠⏠⏣⏣⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏣⏣⏢⏢
rr +2r+2r22

dd ff rr

drdr

22 (( ))
22

dfdf rr
drdr
(( ))

22

rr
dfdf rr
drdr
(( )) 16𝜋G𝜌16𝜋G𝜌

cc33
44

⇒⇒   r  r ++ 3r3r == rr44 dd ff rr

drdr

22 (( ))
22

33 dfdf rr
drdr
(( )) 16𝜋G𝜌16𝜋G𝜌

cc33
44

⇒⇒     rr == rr
dd
drdr

44 dfdf rr
drdr
(( )) 16𝜋G𝜌16𝜋G𝜌

cc33
44

  
At this point, we need to solve this twice: both in the region outside the central mass, At this point, we need to solve this twice: both in the region outside the central mass, 

where where , , and in the region inside the mass, whereand in the region inside the mass, where  constant (for a constant (for a uniformuniform  
sphere). This gives us two different solutions, sphere). This gives us two different solutions,   and and , both of which we find , both of which we find 

by integrating once with respect toby integrating once with respect to  , diving by, diving by   and integrating another time: and integrating another time:

𝜌𝜌 == 00 𝜌𝜌 ==

ff rrinin(( )) ff rroutout(( ))

rr rr44

  

    ⇒⇒     

rr == -- rr
dd
drdr

44
dfdf rr

drdr
inin(( )) 16𝜋G𝜌16𝜋G𝜌

cc33
44

rr == 00
dd
drdr

44
dfdf rr

drdr
outout(( ))

ff rr == rr -- ++ BBinin(( ))
88

55

𝜋G𝜌𝜋G𝜌

cc33
22 AA

3r3r33

ff rr == -- ++ DDoutout(( ))
CC

3r3r33

  
Here, Here, , , , ,  and  and   are integration constants. To fix these, we now need are integration constants. To fix these, we now need boundary boundary 

conditionsconditions. We'd like . We'd like  to not blow up to infinity at  to not blow up to infinity at , which forces , which forces ..
AA BB CC DD

ff rrinin(( )) rr == 00 AA == 00
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yp y

  
For For , just like in the previous section, we should have, just like in the previous section, we should have   as as  , , 
which forces the constant which forces the constant .. These regularity conditions then give us: These regularity conditions then give us:

ff rroutout(( )) ff rr  0 0outout(( )) →→ rr ∞∞→→

DD == 00
  

ff rr == rr ++ BBinin(( ))
88

55

𝜋G𝜌𝜋G𝜌

cc33
22

ff rr == --outout(( ))
CC

3r3r33

  
Now, for the actual boundary conditions, we should have these two solutions match at Now, for the actual boundary conditions, we should have these two solutions match at 

the boundary of our source region, the boundary of our source region, . For continuity, we should also have the . For continuity, we should also have the 

derivatives match at derivatives match at . This gives us two equations that fix . This gives us two equations that fix   andand  , namely:, namely:

rr == RR
rr == RR BB CC

  

⇒⇒     

ff RR == ff RRinin(( )) outout(( ))

==
dfdf rr

drdr
inin(( ))

r=Rr=R

dfdf rr

drdr
outout(( ))

r=Rr=R

BB == -- RR
88

33

𝜋G𝜌𝜋G𝜌

cc33
22

CC == RR
1616

55

𝜋G𝜌𝜋G𝜌

cc33
55

  
We then have the general solutions forWe then have the general solutions for   both inside and outside our central mass: both inside and outside our central mass:hh0i0i

  

hh ==0i0i

hh == ff rr ×× == -- RR -- rr ××inin
0i0i inin(( ))((𝜔𝜔 rr))ii

88

33

𝜋G𝜌𝜋G𝜌

cc33
22 33

55
22 ((𝜔𝜔 rr))ii ,,  r r ≤≤ RR

hh == ff rr ×× == -- ××outout

0i0i outout(( ))((𝜔𝜔 rr))ii
1616

1515

𝜋G𝜌R𝜋G𝜌R

cc

55

33

11

rr33
((𝜔𝜔 rr))ii ,,  r r >> RR

  
We can simplify these a bit by using the fact that the angular momentum for a We can simplify these a bit by using the fact that the angular momentum for a 

uniform rotating sphere can be expressed as uniform rotating sphere can be expressed as  and its corresponding  and its corresponding 

angular velocity asangular velocity as  . After some straightforward algebra:. After some straightforward algebra:

== 8𝜋𝜌𝜔R8𝜋𝜌𝜔R // 1515JJ 55

== 𝜔𝜔 // JJ == 1515 // 8𝜋𝜌R8𝜋𝜌R𝜔𝜔 JJ JJ 55

  

hh ==0i0i

-- 11 -- ××
5G5G

cc RR33 33

3r3r

5R5R

22

22
((JJ rr))ii ,,  r r ≤≤ RR

-- ××
2G2G

cc rr33 33
((JJ rr))ii ,,  r r >> RR
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We mainly care about the spacetime We mainly care about the spacetime outsideoutside our rotating mass ( our rotating mass ( ). The inside ). The inside 

solution was only needed for fixing the integration constants through boundary solution was only needed for fixing the integration constants through boundary 

conditions and to relate the solution to angular momentum (which we couldn't have conditions and to relate the solution to angular momentum (which we couldn't have 

done without also knowing the interior solution). For the outside region, we then have:done without also knowing the interior solution). For the outside region, we then have:

rr >> RR

  

hh == -- ××0i0i
2G2G

cc rr33 33
((JJ rr))ii

  
For our uniform, rotating spherical mass distribution, the Newtonian potential has the For our uniform, rotating spherical mass distribution, the Newtonian potential has the 

form form . Our general solution for the metric in a "block matrix" form is then:. Our general solution for the metric in a "block matrix" form is then:𝜙𝜙 == --GMGM // rr
  

gg == ==𝜇𝜈𝜇𝜈
--11 ++ hh0000 hh0i0i

hh0i0i 𝛿𝛿 ++ hhijij ijij

--11 ++
2GM2GM

cc rr22
-- ××

2G2G

cc rr33 33
((JJ rr))ii

-- ××
2G2G

cc rr33 33
((JJ rr))ii 11 ++ 𝛿𝛿

2GM2GM

cc rr22 ijij

  
This is called the This is called the Lense-Thirring metricLense-Thirring metric, which describes the spacetime around a weakly , which describes the spacetime around a weakly 

rotating spherical mass. The diagonal components we can see are the same as for the rotating spherical mass. The diagonal components we can see are the same as for the 

standard weak-field metric around a static mass. All the new stuff is contained in the off-standard weak-field metric around a static mass. All the new stuff is contained in the off-

diagonal components, which depend on the angular momentum of the central mass.diagonal components, which depend on the angular momentum of the central mass.

  
These off-diagonal components represent a relativistic phenomenon called These off-diagonal components represent a relativistic phenomenon called frame frame 

draggingdragging. To interpret this effect, we can first write down the line element generally as:. To interpret this effect, we can first write down the line element generally as:

  
dsds22 == gg dxdx dxdx == --11 ++ hh cc dtdt ++ 2h2h cdtdxcdtdx ++ 𝛿𝛿 ++ hh dxdx dxdx𝜇𝜈𝜇𝜈

𝜇𝜇 𝜈𝜈 (( 0000)) 22 22
0i0i

ii (( ijij ijij))
ii jj

  

⇒⇒     dsds == --11 ++ cc dtdt -- ×× cdtdxcdtdx ++ 11 ++ 𝛿𝛿 dxdx dxdx22 2GM2GM

cc rr22
22 22 4G4G

cc rr33 33
((JJ rr))ii

ii 2GM2GM

cc rr22 ijij
ii jj

  
Next, let's express this explicitly inNext, let's express this explicitly in spherical coordinates spherical coordinates, , . The. The  xx == xx ,, xx == ctct,, rr,, 𝜃𝜃,, 𝜑𝜑𝜇𝜇 00 ii (( ))

-term will remain in exactly the same form. The-term will remain in exactly the same form. The  -term will become, explicitly, -term will become, explicitly, dtdt22 dxdx dxdxii jj

 (this is just the usual spherical coordinate form). (this is just the usual spherical coordinate form).𝛿𝛿 dxdx dxdx == drdr ++ rr d𝜃d𝜃 ++ rr 𝜃d𝜑𝜃d𝜑ijij
ii jj 22 22 22 22 sinsin22 22
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What remains is to work out the What remains is to work out the -crossterm in spherical coordinates. To do that, we'll -crossterm in spherical coordinates. To do that, we'll dtdxdtdxii

arrange our coordinate system so that the central mass is rotating around the arrange our coordinate system so that the central mass is rotating around the -axis. Its -axis. Its zz

angular momentum vector is then angular momentum vector is then . The components of . The components of  become, using become, using  == JJJJ eezz ××((JJ rr))ii

 as the position vector in Cartesian coordinates: as the position vector in Cartesian coordinates:== xx ++ yy ++ zzrr eexx eeyy eeyy

  

×× == JJ ×× xx ++ yy ++ zz == JJ xx ++ yy ++ zz == JJ xx -- yyJJ rr eezz (( eexx eeyy eezz)) ××eezz eexx
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

eeyy

××eezz eeyy
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

--eexx

××eezz eezz
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

00

(( eeyy eexx))

In Cartesian coordinates, the contraction In Cartesian coordinates, the contraction  would  would then be:then be:×× dxdx((JJ rr))ii
ii

  

×× dxdx == ×× ·· dd == ×× dxdx ++ ×× dydy ++ ×× dzdz == JJ --ydxydx ++ xdyxdy((JJ rr))ii
ii ((JJ rr)) xx ((JJ rr))xx ((JJ rr))yy ((JJ rr))zz (( ))

  
Next, we need to transform this to spherical coordinates. Because this only involvesNext, we need to transform this to spherical coordinates. Because this only involves    dxdx
and and  (and no (and no  ), we only need the Cartesian-to-spherical coordinate relations), we only need the Cartesian-to-spherical coordinate relationsdydy dzdz

 and  and , which can be calculated using the chain rule:, which can be calculated using the chain rule:xx == rr 𝜃𝜃 𝜑𝜑sinsin coscos yy == rr 𝜃𝜃 𝜑𝜑sinsin sinsin
  

dxdx == drdr ++ d𝜃d𝜃 ++ d𝜑d𝜑 == 𝜃𝜃 𝜑dr𝜑dr ++ rr 𝜃𝜃 𝜑d𝜃𝜑d𝜃 -- rr 𝜃𝜃 𝜑d𝜑𝜑d𝜑
∂x∂x
∂r∂r

∂x∂x
∂𝜃∂𝜃

∂x∂x
∂𝜑∂𝜑

sinsin coscos coscos coscos sinsin sinsin

dydy == drdr ++ d𝜃d𝜃 ++ d𝜑d𝜑 == 𝜃𝜃 𝜑dr𝜑dr ++ rr 𝜃𝜃 𝜑d𝜃𝜑d𝜃 ++ rr 𝜃𝜃 𝜑d𝜑𝜑d𝜑
∂y∂y
∂r∂r

∂y∂y
∂𝜃∂𝜃

∂y∂y
∂𝜑∂𝜑

sinsin sinsin coscos sinsin sinsin coscos

  
  

  

29



Using these now in our expression forUsing these now in our expression for  , we find a bunch of, we find a bunch of terms cancelling terms cancelling::×× dxdx((JJ rr))ii
ii

  

×× dxdx((JJ rr))ii
ii == JJ --ydxydx ++ xdyxdy(( ))

  == JJ --rr 𝜃𝜃 𝜑𝜑 𝜃𝜃 𝜑dr𝜑dr ++ rr 𝜃𝜃 𝜑d𝜃𝜑d𝜃 -- rr 𝜃𝜃 𝜑d𝜑𝜑d𝜑[[ sinsin sinsin ((sinsin coscos coscos coscos sinsin sinsin ))
              ++rr 𝜃𝜃 𝜑𝜑 𝜃𝜃 𝜑dr𝜑dr ++ rr 𝜃𝜃 𝜑d𝜃𝜑d𝜃 ++ rr 𝜃𝜃 𝜑d𝜑𝜑d𝜑sinsin coscos ((sinsin sinsin coscos sinsin sinsin coscos ))]]

  == JrJr 𝜃𝜃 𝜑𝜑 ++ 𝜑𝜑 d𝜑d𝜑22 sinsin22 sinsin22 coscos22

  == JrJr 𝜃d𝜑𝜃d𝜑22 sinsin22

  
The Lense-Thirring metric, written as a line element in spherical coordinates, is then:The Lense-Thirring metric, written as a line element in spherical coordinates, is then:

  

dsds == --11 ++ cc dtdt -- 𝜃cdtd𝜑𝜃cdtd𝜑 ++ 11 ++ drdr ++ rr d𝜃d𝜃 ++ rr 𝜃d𝜑𝜃d𝜑22 2GM2GM

cc rr22
22 22 4GJ4GJ

cc rr33
sinsin22 2GM2GM

cc rr22
22 22 22 22 sinsin22 22

  
If we wanted to, we could express the individual metric components in matrix form as well:If we wanted to, we could express the individual metric components in matrix form as well:

  

gg ==𝜇𝜈𝜇𝜈

--11 ++
2GM2GM

cc rr22
00 00 -- 𝜃𝜃

4GJ4GJ

cc rr33
sinsin22

00 11 ++
2GM2GM

cc rr22
00 00

00 00 11 ++ rr
2GM2GM

cc rr22

22 00

-- 𝜃𝜃
4GJ4GJ

cc rr33
sinsin22 00 00 11 ++ rr 𝜃𝜃

2GM2GM

cc rr22

22 sinsin22

  
The interesting part here are the off-diagonal componentsThe interesting part here are the off-diagonal components  , which depend on the , which depend on the ggt𝜑t𝜑

angular momentum angular momentum . These components represent . These components represent frame draggingframe dragging, in which, essentially, , in which, essentially, JJ
the spin of the central mass the spin of the central mass dragsdrags the entire spacetime around it. If we were to put a  the entire spacetime around it. If we were to put a 

particle in orbit around it, it would get dragged along with the rotation of the central mass.particle in orbit around it, it would get dragged along with the rotation of the central mass.

  
The hallmark of a frame dragging effect is usually some sort of mixed "time-angle", or The hallmark of a frame dragging effect is usually some sort of mixed "time-angle", or 

-component in the metric which we can see here (the same turns out to be true -component in the metric which we can see here (the same turns out to be true dtd𝜑dtd𝜑
around a rotating black hole, described by the Kerr metric). The effect is strongest at the around a rotating black hole, described by the Kerr metric). The effect is strongest at the 

equatorial plane at equatorial plane at  and vanishes at the poles and vanishes at the poles   and  and ..𝜃𝜃 == 𝜋𝜋 // 22 𝜃𝜃 == 00 𝜃𝜃 == 𝜋𝜋

  
  

  

30



  

  
Frame Dragging & Lense-Thirring PrecessionFrame Dragging & Lense-Thirring Precession

  
  
Next, we will analyze some interesting effects that appear in the Lense-Thirring Next, we will analyze some interesting effects that appear in the Lense-Thirring 

spacetime, including frame dragging, spin-orbit coupling and precession effects. spacetime, including frame dragging, spin-orbit coupling and precession effects. 

These effects appear in many other spacetimes as well, so understanding them in our These effects appear in many other spacetimes as well, so understanding them in our 

much simpler, "almost-Newtonian" setting here will be very worthwhile.much simpler, "almost-Newtonian" setting here will be very worthwhile.

  
With that said, our starting point is to assume we have a particle with mass With that said, our starting point is to assume we have a particle with mass  in the  in the 

Lense-Thirring spacetime. Its coordinates, Lense-Thirring spacetime. Its coordinates, , are described by the equations of , are described by the equations of 

motion (under the assumptions thatmotion (under the assumptions that  , ,  and the particle's velocity are all small): and the particle's velocity are all small):

mm
rr,, 𝜃𝜃,, 𝜑𝜑(( ))

MM JJ
  

== -- ++ rr ++ rr 𝜃𝜃 ++ 𝜃𝜃␒␒␒␒rr
GMGM

rr22
␒␒𝜃𝜃22 sinsin22 ␒␒𝜑𝜑22 2GJ2GJ

cc rr22 22
sinsin22 ␒␒𝜑𝜑

== -- ++ 𝜃𝜃 𝜃𝜃 -- 𝜃𝜃 𝜃𝜃␒␒␒␒𝜃𝜃
22

rr
␒␒rr ␒␒𝜃𝜃 sinsin coscos ␒␒𝜑𝜑22 4GJ4GJ

cc rr22 33
sinsin coscos ␒␒𝜑𝜑

mrmr 𝜃𝜃 -- 𝜃𝜃 == 00
dd
dtdt

22 sinsin22 ␒␒𝜑𝜑
2GJm2GJm

cc rr22
sinsin22

  
These can be derived from the geodesic equation, which will be the topic of Lesson 13.These can be derived from the geodesic equation, which will be the topic of Lesson 13.

  
Here, the dots denote time derivatives, so for example, Here, the dots denote time derivatives, so for example,  and and  . . 
The last equation is the equation of motion for the The last equation is the equation of motion for the -coordinate, which actually-coordinate, which actually

== drdr // dtdt␒␒rr == dd rr // dtdt␒␒␒␒rr 22 22

𝜑𝜑
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describes the describes the conservation of angular momentum conservation of angular momentum of the particle. The quantity of the particle. The quantity 

inside the parentheses is defined as the orbital angular momentum inside the parentheses is defined as the orbital angular momentum , which we often , which we often 

write in terms ofwrite in terms of  , the orbital angular momentum per unit mass:, the orbital angular momentum per unit mass:

LL
ℓℓ == LL // mm

  

, with , with ..ℓℓ == rr 𝜃𝜃 -- 𝜃𝜃22 sinsin22 ␒␒𝜑𝜑
2GJ2GJ

cc rr22
sinsin22 == 00␒␒ℓℓ

  
This allows us to write This allows us to write   completely in terms angular momenta in the form:completely in terms angular momenta in the form:␒␒𝜑𝜑
  

== ++␒␒𝜑𝜑
ℓℓ

rr 𝜃𝜃22 sinsin22

2GJ2GJ

cc rr22 33

  
We can see that the angular speed of the particle, We can see that the angular speed of the particle, , depends on both the particle's , depends on both the particle's 

own angular momentum (own angular momentum ( ) but also the angular momentum of the central mass () but also the angular momentum of the central mass ( ). ). 

So, somehow the central mass rotating also contributes to the actual rotation speed of So, somehow the central mass rotating also contributes to the actual rotation speed of 

the particle. This is an effect of frame dragging, which you can interpret as the central the particle. This is an effect of frame dragging, which you can interpret as the central 

mass mass draggingdragging spacetime along with is rotation and causing the particle's rotation to  spacetime along with is rotation and causing the particle's rotation to 

be either sped up or slowed down (depending on the relative signs ofbe either sped up or slowed down (depending on the relative signs of   and and  ).).

␒␒𝜑𝜑
ℓℓ JJ

ℓℓ JJ
  
Another way to understand this effect is that the particle having zero angular Another way to understand this effect is that the particle having zero angular 

momentum no longer means it is momentum no longer means it is stationarystationary. If we take a particle with . If we take a particle with , it will , it will 

remain at that value because remain at that value because  is conserved. However,  is conserved. However, even thougheven though the particle has  the particle has 

zero orbital angular momentum, it will still have a non-zero angular speedzero orbital angular momentum, it will still have a non-zero angular speed  ::

ℓℓ == 00
ℓℓ

≡≡ 𝜔𝜔␒␒𝜑𝜑
  

== ++          𝜔   𝜔 ==␒␒𝜑𝜑
ℓℓ

rr 𝜃𝜃22 sinsin22

2GJ2GJ

cc rr22 33

ℓ=0ℓ=0

⇒⇒
2GJ2GJ

cc rr22 33

  
The particleThe particle  can essentially have no angular momentum yet still be in rotational can essentially have no angular momentum yet still be in rotational 

motion. In more technical terms, we say that motion. In more technical terms, we say that local inertial frameslocal inertial frames, or observers in free-, or observers in free-

fall with zero angular momentum are forced to rotate fall with zero angular momentum are forced to rotate withwith the central mass. To  the central mass. To 

actually remain stationary (actually remain stationary ( ) would require acceleration and a non-inertial frame.) would require acceleration and a non-inertial frame.== 00␒␒𝜑𝜑
  
In "everyday" situations, the effects of frame dragging are really small. For example, at In "everyday" situations, the effects of frame dragging are really small. For example, at 

an altitude of an altitude of  from Earth's surface, we would find from Earth's surface, we would find  , which , which 

means that in one year, the particle would only be dragged aboutmeans that in one year, the particle would only be dragged about   degrees. degrees.

100 100 kmkm 𝜔𝜔 ∼∼ 44 ×× 1010  s s-14-14 -1-1

0.000070.00007
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In terms of the equations of motion, the conservation of angular momentum allows us In terms of the equations of motion, the conservation of angular momentum allows us 

to eliminate the to eliminate the -coordinate if we insert the above expression for -coordinate if we insert the above expression for  into them. When  into them. When 

doing so, we'll get a termdoing so, we'll get a term , which is strictly beyond our weak-field linear , which is strictly beyond our weak-field linear 

approximation. So, to be consistent, we should discard this term, and get:approximation. So, to be consistent, we should discard this term, and get:

𝜑𝜑 ␒␒𝜑𝜑
∝∝ JJ22

  

≈≈ -- ++ rr ++ ++␒␒␒␒rr
GMGM

rr22
␒␒𝜃𝜃22 ℓℓ

rr 𝜃𝜃

22

33 sinsin22

6GJℓ6GJℓ

cc rr22 44

≈≈ -- ++␒␒␒␒𝜃𝜃
22

rr
␒␒rr ␒␒𝜃𝜃

ℓℓ

rr

22

44

𝜃𝜃

𝜃𝜃

coscos

sinsin33

  
The interesting new thing here is the termThe interesting new thing here is the term  in the radial equation. This represents  in the radial equation. This represents 

a relativistic effect called a relativistic effect called spin-orbit couplingspin-orbit coupling, which produces a "force-like" effect , which produces a "force-like" effect 

pushing the particle either radially inward or outward depending on the pushing the particle either radially inward or outward depending on the signsign of  of ..

∝∝ JℓJℓ

JℓJℓ
  
We can also take a look at some special cases of solutions to these equations. An We can also take a look at some special cases of solutions to these equations. An 

interesting one is an interesting one is an equatorial circular orbitequatorial circular orbit, which has , which has  and  and   

(constant), so (constant), so . For such an orbit, we could calculate the . For such an orbit, we could calculate the 

corrections to the corrections to the orbital periodorbital period    due to frame dragging. For this, it's best to use the due to frame dragging. For this, it's best to use the 

- and - and -equations of motion and define-equations of motion and define  , so they take the form:, so they take the form:

𝜃𝜃 == 𝜋𝜋 // 22 rr == aa
== == == == 00␒␒␒␒𝜃𝜃 ␒␒𝜃𝜃 ␒␒␒␒rr ␒␒rr

TT
rr 𝜃𝜃 == 𝜔𝜔 == 2𝜋2𝜋 // TT␒␒𝜑𝜑
  

== -- ++ rr ++ rr ++␒␒␒␒rr
GMGM

rr22
␒␒𝜃𝜃22 𝜃𝜃sinsin22

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=1=1

␒␒𝜑𝜑22 2GJ2GJ

cc rr22 22
𝜃𝜃sinsin22

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=1=1

␒␒𝜑𝜑

== -- ++ 𝜃𝜃 -- 𝜃𝜃␒␒␒␒𝜃𝜃
22

rr
␒␒rr ␒␒𝜃𝜃 sinsin 𝜃𝜃coscos

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=0=0

␒␒𝜑𝜑22 4GJ4GJ

cc rr22 33
sinsin 𝜃𝜃coscos

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=0=0

␒␒𝜑𝜑

⇒⇒     00 == -- ++ aa ++
GMGM

aa22

2𝜋2𝜋

TT

22
2GJ2GJ

cc aa22 22

2𝜋2𝜋

TT
00 == 00

  
TheThe  -equation here is trivially satisfied-equation here is trivially satisfied, so we have only, so we have only the radial equation left. This  the radial equation left. This 

gives us a quadratic equation for the orbital period gives us a quadratic equation for the orbital period , which has two solutions:, which has two solutions:

𝜃𝜃
TT

TT == 2𝜋2𝜋 ±±++
JJ

MM cc

22

22 44

aa
GMGM

33 2𝜋J2𝜋J

McMc22

    

  

MM cc GMGM McMc
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TheThe -term is once again beyond our slow-rotation approximation, so we should -term is once again beyond our slow-rotation approximation, so we should 

drop it. This gives the orbital period - or, effectively, Kepler's third law - as:drop it. This gives the orbital period - or, effectively, Kepler's third law - as:

∝∝ JJ22

  

TT ≈≈ 2𝜋2𝜋 ±±
aa
GMGM

33 JJ

McMc22

  
So, frame dragging also enters as a correction to the orbital period. The solution with So, frame dragging also enters as a correction to the orbital period. The solution with 

 here corresponds to a  here corresponds to a retroretrograde orbit (against the spin of the central mass, so the grade orbit (against the spin of the central mass, so the 

orbital period is slightly longer), and the one with orbital period is slightly longer), and the one with   to a to a proprograde orbit with a shorter grade orbit with a shorter 

period. In Newtonian gravity, there would be no such split between pro- and period. In Newtonian gravity, there would be no such split between pro- and 

retrograde orbits, so this is a purely relativistic effect. This difference in orbital periods retrograde orbits, so this is a purely relativistic effect. This difference in orbital periods 

of pro- and retrograde orbits is sometimes called the of pro- and retrograde orbits is sometimes called the gravitomagnetic clock effectgravitomagnetic clock effect..

++
--

  
Another interesting phenomenon can be best understood by looking at a Another interesting phenomenon can be best understood by looking at a polar polar 

circular orbitcircular orbit. Such an orbit passes above both the North and South poles, so we . Such an orbit passes above both the North and South poles, so we 

could calculate then thecould calculate then the  -component of the orbital angular momentum (-component of the orbital angular momentum ( ) at one of ) at one of 

the poles, for example, at the North polethe poles, for example, at the North pole  ::
zz ℓℓ

𝜃𝜃 == 00
  

ℓℓ rr,, 𝜃𝜃 == 00,, 𝜑𝜑 == rr 00 -- 00 == 00(( )) 22 ␒␒𝜑𝜑 sinsin22(( ))
2GJ2GJ

cc rr22
sinsin22(( ))

  
Because this is a conserved quantity, its value stays the same at all times, so Because this is a conserved quantity, its value stays the same at all times, so   
everywhere else along the polar orbit. A circular orbit also has everywhere else along the polar orbit. A circular orbit also has , and along with , and along with 

the result thatthe result that   we just concluded, we will get for the  we just concluded, we will get for the -coordinate:-coordinate:

ℓℓ == 00

rr == aa
ℓℓ == 00 𝜑𝜑

  

, where , where ..== ++ ==     ⇒⇒   𝜑  𝜑 tt == ΩtΩt ++ 𝜑𝜑␒␒𝜑𝜑
ℓℓ

rr 𝜃𝜃22 sinsin22

2GJ2GJ

cc rr22 33

2GJ2GJ

cc aa22 33
(( )) 00 ΩΩ ≡≡

2GJ2GJ

cc aa22 33

  
We'll interpret this soon. For theWe'll interpret this soon. For the  - and- and  -coordinates, we find with-coordinates, we find with   and  and ::rr 𝜃𝜃 rr == aa ℓℓ == 00
  

    ⇒⇒     

== -- ++ rr ++ ++␒␒␒␒rr
GMGM

rr22
␒␒𝜃𝜃22 ℓℓ

rr 𝜃𝜃

22

33 sinsin22

6GJℓ6GJℓ

cc rr22 44

== -- ++␒␒␒␒𝜃𝜃
22

rr
␒␒rr ␒␒𝜃𝜃

ℓℓ

r

22

44

𝜃𝜃

𝜃𝜃

coscos

ii 33

00 == -- ++ aa
GMGM

aa22
␒␒𝜃𝜃22

== 00␒␒␒␒𝜃𝜃

    

  
rr rr44 𝜃𝜃sinsin33
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Notice that all the relativistic corrections are gone from these. Frame dragging around Notice that all the relativistic corrections are gone from these. Frame dragging around 

a central mass rotating around thea central mass rotating around the  -axis only affects the -axis only affects the -direction, so the-direction, so the  - and- and  --
motion remain unaffected (to first order) in a polar orbit. The solution for motion remain unaffected (to first order) in a polar orbit. The solution for   from from 

the above equations describes circular motion at a constant angular speed (the above equations describes circular motion at a constant angular speed ( ):):

zz 𝜑𝜑 rr 𝜃𝜃
𝜃𝜃 tt(( ))

𝜃𝜃 00 == 00(( ))
  

𝜃𝜃 tt == tt(( ))
GMGM

aa33

  
So, what do these solutions mean? We start off with a circular orbit at So, what do these solutions mean? We start off with a circular orbit at  in the  in the 

plane plane , where the particle orbits with angular speed, where the particle orbits with angular speed  . . 
However, the orbital plane itself (value ofHowever, the orbital plane itself (value of  ) undergoes ) undergoes precessionprecession, meaning it , meaning it 

changes over time at a ratechanges over time at a rate  . Frame dragging causes the entire orbital . Frame dragging causes the entire orbital 

plane to shift slowly over time, which is called (nodal) plane to shift slowly over time, which is called (nodal) Lense-Thirring precessionLense-Thirring precession..

rr == aa

𝜑𝜑 00 == 𝜑𝜑(( )) 00 𝜔𝜔 == GMGM // aa33

𝜑𝜑

ΩΩ == 2GJ2GJ // cc aa22 33

              

  
In Newtonian gravity, nodal precession can happen only if the central body has some In Newtonian gravity, nodal precession can happen only if the central body has some 

oblatenessoblateness but not when it's a perfect sphere. Here, however, we've just found that it  but not when it's a perfect sphere. Here, however, we've just found that it 

would happen would happen eveneven around a spherical body if the body is spinning. Lense-Thirring  around a spherical body if the body is spinning. Lense-Thirring 

precession is a real and experimentally verifiable (though small) relativistic effect.precession is a real and experimentally verifiable (though small) relativistic effect.  
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4. 4. An Introduction To Gravitational WavesAn Introduction To Gravitational Waves

  
  
The next topic we'll discuss are The next topic we'll discuss are gravitational wavesgravitational waves. We already got a hint of how "wave-. We already got a hint of how "wave-

like" solutions might arise from the linearized Einstein field equations in the Lorenz gauge, like" solutions might arise from the linearized Einstein field equations in the Lorenz gauge, 

and the plan for this section is to continue up on that discussion.and the plan for this section is to continue up on that discussion.

  
In this section, we will mainly discuss gravitational waves as In this section, we will mainly discuss gravitational waves as vacuum solutions vacuum solutions to the field to the field 

equations. I turns out that the Lorenz gauge does not fix such solutions completely, so equations. I turns out that the Lorenz gauge does not fix such solutions completely, so 

there exists something called there exists something called residual gauge freedomresidual gauge freedom. After discussing this, we will develop . After discussing this, we will develop 

the mathematics for describing the polarization modes of gravitational waves and also the mathematics for describing the polarization modes of gravitational waves and also 

discuss some interesting applications like gravitational wave detectors.discuss some interesting applications like gravitational wave detectors.

  
In the next section, we'll go beyond the vacuum solutions discussed here, which involves In the next section, we'll go beyond the vacuum solutions discussed here, which involves 

solving the full, solving the full, sourcedsourced Einstein field equations with  Einstein field equations with . Doing this will allow us to . Doing this will allow us to TT ≠≠ 00𝜇𝜈𝜇𝜈

understand how a given matter configuration may or may not produce gravitational waves.understand how a given matter configuration may or may not produce gravitational waves.

  

4.1. 4.1. The Transverse-Traceless GaugeThe Transverse-Traceless Gauge

  
Earlier, we derived the general form of the Einstein field equations in the Lorenz gauge Earlier, we derived the general form of the Einstein field equations in the Lorenz gauge 

and saw that they took the form of and saw that they took the form of wave equations wave equations for the trace-reversed perturbation:for the trace-reversed perturbation:

  

∂∂ ∂∂ hh == -- TT     ⇒⇒     ∇∇ hh -- == -- TT𝛼𝛼
𝛼𝛼

TRTR
𝜇𝜈𝜇𝜈

16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈
22 TRTR

𝜇𝜈𝜇𝜈
11

cc22

∂∂ hh

∂t∂t

22 TRTR
𝜇𝜈𝜇𝜈

22

16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈

  
We can see that the energy-momentum tensor We can see that the energy-momentum tensor  acts as a source for whatever  acts as a source for whatever TT𝜇𝜈𝜇𝜈

gravitational waves are described by these equations, just like current densities would for gravitational waves are described by these equations, just like current densities would for 

electromagnetic waves. The factor electromagnetic waves. The factor  here represents the fact that gravitational waves  here represents the fact that gravitational waves cc-2-2

travel at the travel at the speed of lightspeed of light. These waves are able to propagate in a . These waves are able to propagate in a vacuumvacuum, as the above , as the above 

equation reduces to a vacuum wave equation when no sources are present:equation reduces to a vacuum wave equation when no sources are present:  ..∂∂ ∂∂ hh == 00𝛼𝛼
𝛼𝛼

TRTR
𝜇𝜈𝜇𝜈

  
Now, we don't know yet which components of Now, we don't know yet which components of   actually contain these gravitational actually contain these gravitational hhTRTR

𝜇𝜈𝜇𝜈

waves. To find that out, we need to discuss a feature called waves. To find that out, we need to discuss a feature called residual gauge symmetryresidual gauge symmetry..
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The idea is that the Lorenz gauge, The idea is that the Lorenz gauge, , does , does not not actually completely fix our gauge actually completely fix our gauge ∂∂ hh == 00𝜇𝜇 TRTR
𝜇𝜈𝜇𝜈

yet. If we were to do an additional gauge transformation to the Lorenz gauge condition yet. If we were to do an additional gauge transformation to the Lorenz gauge condition 

itself,itself,  , it would transform as:, it would transform as:== hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉 ++ 𝜂𝜂 ∂∂ 𝜉𝜉hh⏨⏨TRTR
𝜇𝜈𝜇𝜈

TRTR
𝜇𝜈𝜇𝜈 𝜇𝜇

RR
𝜈𝜈 𝜈𝜈

RR
𝜇𝜇 𝜇𝜈𝜇𝜈

𝛼𝛼 RR
𝛼𝛼

  

∂∂ == 00𝜇𝜇hh⏨⏨TRTR
𝜇𝜈𝜇𝜈

⇒⇒   ∂  ∂ hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉 ++ 𝜂𝜂 ∂∂ 𝜉𝜉 == 00𝜇𝜇 TRTR
𝜇𝜈𝜇𝜈 𝜇𝜇

RR
𝜈𝜈 𝜈𝜈

RR
𝜇𝜇 𝜇𝜈𝜇𝜈

𝛼𝛼 RR
𝛼𝛼

⇒⇒     ∂∂ hh -- ∂∂ ∂∂ 𝜉𝜉 -- ∂∂ ∂∂ 𝜉𝜉 ++ == 00𝜇𝜇 TRTR
𝜇𝜈𝜇𝜈

𝜇𝜇
𝜇𝜇

RR
𝜈𝜈 𝜈𝜈

𝜇𝜇 RR
𝜇𝜇 𝜂𝜂 ∂∂𝜇𝜈𝜇𝜈

𝜇𝜇

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=∂=∂𝜈𝜈

∂∂ 𝜉𝜉𝛼𝛼 RR
𝛼𝛼

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=∂=∂ 𝜉𝜉𝜇𝜇 RR

𝜇𝜇

⇒⇒     ∂∂ hh -- ∂∂ ∂∂ 𝜉𝜉 -- ∂∂ ∂∂ 𝜉𝜉 ++ ∂∂ ∂∂ 𝜉𝜉 == 00𝜇𝜇 TRTR
𝜇𝜈𝜇𝜈

𝜇𝜇
𝜇𝜇

RR
𝜈𝜈 𝜈𝜈

𝜇𝜇 RR
𝜇𝜇 𝜈𝜈

𝜇𝜇 RR
𝜇𝜇

⇒⇒     ∂∂ ∂∂ 𝜉𝜉 == ∂∂ hh𝜇𝜇
𝜇𝜇

RR
𝜈𝜈

𝜇𝜇 TRTR
𝜇𝜈𝜇𝜈

  
The notation The notation  here stands for a 'residual' gauge parameter. here stands for a 'residual' gauge parameter.𝜉𝜉RR

𝜈𝜈

  
If we now pick this residual gauge parameter to satisfy If we now pick this residual gauge parameter to satisfy , the above equation , the above equation ∂∂ ∂∂ 𝜉𝜉 == 00𝜇𝜇

𝜇𝜇
RR
𝜈𝜈

would give uswould give us   - which means we would  - which means we would stillstill be in the Lorenz gauge, even after  be in the Lorenz gauge, even after ∂∂ hh == 00𝜇𝜇 TRTR
𝜇𝜈𝜇𝜈

an additional gauge transformation. So, the Lorenz gauge actually allows us to do an an additional gauge transformation. So, the Lorenz gauge actually allows us to do an 

additional but more restricted additional but more restricted residual gauge transformationresidual gauge transformation - more restricted because  - more restricted because 

the gauge parameter now has to also satisfy a wave equation of the form the gauge parameter now has to also satisfy a wave equation of the form ..∂∂ ∂∂ 𝜉𝜉 == 00𝜇𝜇
𝜇𝜇

RR
𝜈𝜈

  
This residual gauge symmetry highlights redundancy in the definition ofThis residual gauge symmetry highlights redundancy in the definition of  . Originally, . Originally, hh𝜇𝜈𝜇𝜈
the Lorenz gauge would use up our the Lorenz gauge would use up our fourfour independent gauge conditions, which reduces  independent gauge conditions, which reduces 

the maximum number of independent components of the maximum number of independent components of   from 10 to 6. Residual gauge from 10 to 6. Residual gauge hh𝜇𝜈𝜇𝜈
symmetry means that there is still gauge freedom left, in fact, for imposing symmetry means that there is still gauge freedom left, in fact, for imposing four morefour more  
conditions on the perturbation. So, it truly only contains 6 - 4 = conditions on the perturbation. So, it truly only contains 6 - 4 = 2 degrees of freedom2 degrees of freedom..
  

SidenoteSidenote:: earlier, when we solved the Newtonian limit in the  earlier, when we solved the Newtonian limit in the stationarystationary case, there  case, there 

was was nono residual gauge symmetry left. This is because the condition residual gauge symmetry left. This is because the condition    
reduces to reduces to  for the time-independent case, which has the unique solution for the time-independent case, which has the unique solution  

. So, residual gauge symmetry only appears for a time-dependent metric.. So, residual gauge symmetry only appears for a time-dependent metric.

∂∂ ∂∂ 𝜉𝜉 == 00𝜇𝜇
𝜇𝜇

RR
𝜈𝜈

∇∇ 𝜉𝜉 == 0022 RR
𝜈𝜈

𝜉𝜉 == 00RR
𝜈𝜈

  
We can now exploit this to bring out the We can now exploit this to bring out the radiativeradiative components of gravitational waves. The  components of gravitational waves. The 

appropriate residual gauge choice that does this is called the appropriate residual gauge choice that does this is called the transverse-traceless gaugetransverse-traceless gauge..
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What does this gauge do? First, it transforms the trace-reversed metricWhat does this gauge do? First, it transforms the trace-reversed metric   to a new  to a new hhTRTR
𝜇𝜈𝜇𝜈

metric, which we'll label asmetric, which we'll label as  . The . The 'transverse''transverse'-part of this gauge sets -part of this gauge sets  for all for all  , , hhTTTT
𝜇𝜈𝜇𝜈 hh == 00TTTT

0𝜇0𝜇 𝜇𝜇

which will pick out those components that are which will pick out those components that are transversetransverse (orthogonal) to the direction of  (orthogonal) to the direction of 

wave propagation. The wave propagation. The 'traceless''traceless'-part sets -part sets  (the second  (the second hh == 𝜂𝜂 hh == 𝛿𝛿 hh == 00TTTT 𝜇𝜈𝜇𝜈 TTTT
𝜇𝜈𝜇𝜈

ijij TTTT
ijij

equality comes from the transverse condition settingequality comes from the transverse condition setting  ). The trace being zero can ). The trace being zero can hh == 00TTTT
0000

be thought of as a consequence of be thought of as a consequence of vacuum vacuum gravitational waves being gravitational waves being volume-volume-

preservingpreserving, so they stretch spacetime along one direction, while squeezing it in another., so they stretch spacetime along one direction, while squeezing it in another.

  
Both of these conditions (transverse and traceless) represent Both of these conditions (transverse and traceless) represent physicalphysical features of  features of 

gravitational waves we expect to be there in any gauge. The TT-gauge just directly brings gravitational waves we expect to be there in any gauge. The TT-gauge just directly brings 

out these features, so it's a convenient gauge choice for describing gravitational waves.out these features, so it's a convenient gauge choice for describing gravitational waves.

  

  The TT-gauge conditionsThe TT-gauge conditions  
  
hh == 00TTTT

0𝜇0𝜇

𝛿𝛿 hh == 00ijij TTTT
ijij

  
In this gauge, the In this gauge, the trace-reversedtrace-reversed perturbation reduces to  perturbation reduces to . So, . So, hh == hh -- hh // 22 == hhTRTR

𝜇𝜈𝜇𝜈
TTTT
𝜇𝜈𝜇𝜈

TTTT TTTT
𝜇𝜈𝜇𝜈

the trace-reversed and the original perturbation become the same thing in this gauge.the trace-reversed and the original perturbation become the same thing in this gauge.

  
Now, the transverse-traceless gauge only physically makes sense when the Now, the transverse-traceless gauge only physically makes sense when the dominantdominant form  form 

of gravity is gravitational radiation. This is usually satisfied when we are really far away of gravity is gravitational radiation. This is usually satisfied when we are really far away 

from any matter sources, in the so-called from any matter sources, in the so-called far-field regionfar-field region. For this reason, the TT-gauge is . For this reason, the TT-gauge is 

said to be asaid to be a radiation gauge radiation gauge, and not a , and not a globalglobal gauge: it's not applicable everywhere, and  gauge: it's not applicable everywhere, and 

it also requires a vacuum region (so,it also requires a vacuum region (so,  ) with no static gravitational field present.) with no static gravitational field present.TT == 00𝜇𝜈𝜇𝜈

  
Are there any other conditions we need? Well, the TT-gauge is a Are there any other conditions we need? Well, the TT-gauge is a special case of the special case of the 

Lorenz gaugeLorenz gauge, so we of course also need the Lorenz gauge to hold:, so we of course also need the Lorenz gauge to hold:  . The. The  ∂∂ hh == 00𝜇𝜇 TTTT
𝜇𝜈𝜇𝜈

 -part of this is satisfied automatically when  -part of this is satisfied automatically when , and the, and the   -part leads to: -part leads to:𝜈𝜈 == 00 hh == 00TTTT
𝜇0𝜇0 𝜈𝜈 == jj

∂∂ hh == ∂∂ ++ ∂∂ hh == 0  0  ⇒⇒     𝜇𝜇 TTTT
𝜇j𝜇j

00 hhTTTT
0j0j

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢≡0≡0

ii TTTT
ijij ∂∂ hh == 00ii TTTT

ijij

This is an additional "consistency condition" we need in order for both the Lorenz gauge This is an additional "consistency condition" we need in order for both the Lorenz gauge 

and the TT-gauge to be satisfied.and the TT-gauge to be satisfied.
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Now, like before, we don't need to know the residual gauge parameter that puts us in the Now, like before, we don't need to know the residual gauge parameter that puts us in the 

TT-gauge explicitly. Simply knowing one TT-gauge explicitly. Simply knowing one existsexists is enough to impose it, and this can be  is enough to impose it, and this can be 

done for any done for any purely radiative purely radiative metric perturbation. In practice, we usually do it in two steps:metric perturbation. In practice, we usually do it in two steps:

  
1. 1. Solve the Lorenz gauge (vacuum) wave equationSolve the Lorenz gauge (vacuum) wave equation, , , for some initial , for some initial ∂∂ ∂∂ hh == 00𝛼𝛼

𝛼𝛼
TRTR
𝜇𝜈𝜇𝜈

trace-reversed metric. This might have the formtrace-reversed metric. This might have the form  , , hh ∼∼ kk xx ++ kk xxTRTR
𝜇𝜈𝜇𝜈 coscos 𝛼𝛼

𝛼𝛼 sinsin 𝛼𝛼
𝛼𝛼

and the Lorenz condition, and the Lorenz condition, , gives you restrictions on its , gives you restrictions on its amplitudesamplitudes..∂∂ hh == 00𝜇𝜇 TRTR
𝜇𝜈𝜇𝜈

  
2. 2. Impose the transverse-traceless gaugeImpose the transverse-traceless gauge, which now demands that:, which now demands that:

  

  
In practice, these conditions can all be recast as In practice, these conditions can all be recast as algebraic algebraic restrictions on the restrictions on the 

amplitudes of the solution from step #1.amplitudes of the solution from step #1.

  

4.2. 4.2. Vacuum Gravitational WavesVacuum Gravitational Waves

  
In this section, we'll find our first In this section, we'll find our first wavewave solution to the vacuum field equations. After that,  solution to the vacuum field equations. After that, 

we'll impose the traceless-transverse gauge and see what kinds of additional restrictions we'll impose the traceless-transverse gauge and see what kinds of additional restrictions 

the solution must satisfy. Let's begin by writing the wave equation in the explicit form:the solution must satisfy. Let's begin by writing the wave equation in the explicit form:

  
∂∂ ∂∂ hh == 00𝛼𝛼

𝛼𝛼
TRTR
𝜇𝜈𝜇𝜈

⇒⇒   ∂  ∂ ∂∂ hh ++ ∂∂ ∂∂ hh == 0000
00

TRTR
𝜇𝜈𝜇𝜈

ii
ii

TRTR
𝜇𝜈𝜇𝜈

⇒⇒   ∂∂ ++ ∂∂ ++ ∂∂ hh -- ∂∂ hh == 0022
xx

22
yy

22
zz

TRTR
𝜇𝜈𝜇𝜈

11

cc22 tt
TRTR
𝜇𝜈𝜇𝜈

  
Let's try a solution ansatz for this. We'll take Let's try a solution ansatz for this. We'll take , which describes a , which describes a hh == ϵϵ 𝜔t𝜔t -- kzkzTRTR

𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 coscos(( ))

plane wave moving along theplane wave moving along the  -axis with frequency -axis with frequency   and wavenumberand wavenumber  zz 𝜔𝜔 == 2𝜋f2𝜋f
. It has an amplitude . It has an amplitude  that is a  that is a second-ranksecond-rank tensor. This tensor tensor. This tensor  is called the is called the kk == 2𝜋2𝜋 // λλ ϵϵ𝜇𝜈𝜇𝜈

polarization tensorpolarization tensor, as it represents the "directions" in which the field, as it represents the "directions" in which the field   oscillates in. oscillates in.hhTRTR
𝜇𝜈𝜇𝜈

  
  

  

hh == 00TTTT
0𝜇0𝜇

∂∂ hh == 00ii TTTT
ijij

The transverse conditionsThe transverse conditions

(the second one comes from the Lorenz gauge)(the second one comes from the Lorenz gauge)

𝛿𝛿 hh == 00ijij TTTT
ijij The traceless conditionThe traceless condition
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Plugging this ansatz into the wave equation now gives us:Plugging this ansatz into the wave equation now gives us:

  

++ ++ ∂∂ ϵϵ 𝜔t𝜔t -- kzkz -- ϵϵ ∂∂ 𝜔t𝜔t -- kzkz == 00∂∂
22
xx

⏦⏦=0=0

∂∂
22
yy

⏦⏦=0=0

22
zz 𝜇𝜈𝜇𝜈 coscos(( ))

11

cc22 𝜇𝜈𝜇𝜈
22
tt coscos(( ))

⇒⇒     --kk ϵϵ 𝜔t𝜔t -- kzkz ++ ϵϵ 𝜔t𝜔t -- kzkz == 0022
𝜇𝜈𝜇𝜈 coscos(( ))

𝜔𝜔

cc

22

22 𝜇𝜈𝜇𝜈 coscos(( ))

⇒⇒   𝜔  𝜔 == ckck
  
The wave equation can therefore be satisfied as long as the frequency and wavenumber The wave equation can therefore be satisfied as long as the frequency and wavenumber 

are related by are related by , which is called a, which is called a dispersion relation dispersion relation. Electromagnetic plane waves, . Electromagnetic plane waves, 𝜔𝜔 == ckck
if you're familiar with them, also have precisely this kind of dispersion relation in a vacuum.if you're familiar with them, also have precisely this kind of dispersion relation in a vacuum.

  
Now, a more "relativistic" way to write our plane wave is to collect both the frequency and Now, a more "relativistic" way to write our plane wave is to collect both the frequency and 

the wavenumber into a four-vector, which has the form the wavenumber into a four-vector, which has the form , , kk == 𝜔𝜔 // cc,, 00,, 00,, kk == kk,, 00,, 00,, kk𝜇𝜇 (( )) (( ))

where where  was used. Then, the phase argument of the wave can be written in the form: was used. Then, the phase argument of the wave can be written in the form:𝜔𝜔 == ckck
  

, where , where ..𝜔t𝜔t -- kzkz == ctct -- kkzz == -- kk xx ++ kk xx == kk xx
𝜔𝜔

cc
00

00
ii

ii
𝛼𝛼

𝛼𝛼 xx == --ctct,, 00,, 00,, zz𝛼𝛼 (( ))

  
Reminder; when lowering indices, time components pick up a minus sign from the Minkowski metric, Reminder; when lowering indices, time components pick up a minus sign from the Minkowski metric, 

which is why which is why . The spatial coordinates are just . The spatial coordinates are just ..xx == -- xx == -- ctct00
00 xx == xx == 00,, 00,, zzii

ii (( ))

  
Our wave solution can then be expressed in this form:Our wave solution can then be expressed in this form:

  

hh == ϵϵ kk xxTRTR
𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 coscos 𝛼𝛼

𝛼𝛼

  
This holds for a plane wave travelling in any direction, so we could generally have This holds for a plane wave travelling in any direction, so we could generally have 

, with , with . Another nice thing about this is that . Another nice thing about this is that kk == kk,, kk ,, kk ,, kk == kk,, kk𝜇𝜇 (( xx yy zz))
ii kk == kk kkii ii

taking derivatives is now rather simple. Consider, for example, the taking derivatives is now rather simple. Consider, for example, the -derivative of this:-derivative of this:∂∂𝛽𝛽

  
∂∂ hh == ϵϵ ∂∂ kk xx == -- ϵϵ kk xx == -- kk ϵϵ kk xx𝛽𝛽 TRTR

𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈
𝛽𝛽 coscos 𝛼𝛼

𝛼𝛼 𝜇𝜈𝜇𝜈 sinsin 𝛼𝛼
𝛼𝛼 ∂∂ kk xx𝛽𝛽 𝛼𝛼

𝛼𝛼

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
kk 𝛿𝛿 =k=k𝛼𝛼 𝛽𝛽

𝛼𝛼
𝛽𝛽

𝛽𝛽
𝜇𝜈𝜇𝜈 sinsin 𝛼𝛼

𝛼𝛼
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So, any derivative just changes the cosine to a (minus) sine and brings a factor of the wave So, any derivative just changes the cosine to a (minus) sine and brings a factor of the wave 

four-vector in front. The wave equation itself could therefore be written as:four-vector in front. The wave equation itself could therefore be written as:

  
∂∂ ∂∂ hh == 00𝛼𝛼

𝛼𝛼
TRTR
𝜇𝜈𝜇𝜈

⇒⇒     --kk kk ϵϵ kk xx == 00𝛼𝛼
𝛼𝛼 𝜇𝜈𝜇𝜈 coscos 𝛼𝛼

𝛼𝛼

⇒⇒     kk kk == 00𝛼𝛼
𝛼𝛼

  
This says the wave four-vector is This says the wave four-vector is nullnull, meaning it has, meaning it has zero length zero length in spacetime. If you write  in spacetime. If you write 

this out component-wise, it's equivalent to the dispersion relationthis out component-wise, it's equivalent to the dispersion relation  . For this reason, . For this reason, 𝜔𝜔 == ckck
we say anything moving at the speed of light travels along we say anything moving at the speed of light travels along null pathsnull paths through spacetime. through spacetime.

  
Okay, we've reduced the linearized Einstein field equations to just the simple algebraic Okay, we've reduced the linearized Einstein field equations to just the simple algebraic 

relationrelation  . What about the . What about the Lorenz gaugeLorenz gauge? We also need it to be satisfied:? We also need it to be satisfied:kk kk == 00𝛼𝛼
𝛼𝛼

  
∂∂ hh == 00𝜇𝜇 TRTR

𝜇𝜈𝜇𝜈

⇒⇒     --kk ϵϵ kk xx == 00𝜇𝜇
𝜇𝜈𝜇𝜈 sinsin 𝛼𝛼

𝛼𝛼

⇒⇒     kk ϵϵ == 00𝜇𝜇
𝜇𝜈𝜇𝜈

  
This is basically a "dot productThis is basically a "dot product  " between the wave vector and the polarization " between the wave vector and the polarization kk ·· ϵϵ == 00
tensor, which says these two must be tensor, which says these two must be orthogonalorthogonal. This demands that the polarization . This demands that the polarization 

modes of a plane gravitational wave should be modes of a plane gravitational wave should be transversetransverse to its travel direction - to its travel direction -   is  is ϵϵ𝜇𝜈𝜇𝜈
orthogonal to orthogonal to  . This is a general feature of electromagnetic plane waves as well. . This is a general feature of electromagnetic plane waves as well.kk𝜇𝜇

  
Now, let's explicitly write out the summation over Now, let's explicitly write out the summation over  and use the fact that  and use the fact that   𝜇𝜇 kk == 𝜔𝜔 // cc == kk00

(from the dispersion relation). This gives, for both(from the dispersion relation). This gives, for both   and  and  individually: individually:𝜈𝜈 == 00 𝜈𝜈 == ii

    ⇒⇒     
kk ϵϵ == kk ϵϵ ++ kk ϵϵ == kkϵϵ ++ kk ϵϵ == 00𝜇𝜇

𝜇0𝜇0
00

0000
ii

i0i0 0000
ii

i0i0

kk ϵϵ == kk ϵϵ ++ kk ϵϵ == kkϵϵ ++ kk ϵϵ == 00𝜇𝜇
𝜇i𝜇i

00
0i0i

jj
jiji 0i0i

jj
ijij

ϵϵ == -- ϵϵ0000
kk
kk

ii

i0i0

ϵϵ == -- ϵϵ0i0i
kk
kk

jj

ijij

Or, further inserting Or, further inserting  into the expression for  into the expression for  (note that here (note that here  ):):ϵϵ0i0i ϵϵ0000 ϵϵ == ϵϵ0i0i i0i0
  

ϵϵ == ϵϵ0000
kk kk

kk

ii jj

22 ijij
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This tells us that the polarization is entirely determined byThis tells us that the polarization is entirely determined by   - once we know - once we know   and the  and the ϵϵijij ϵϵijij

(spatial) wave vector(spatial) wave vector  , we can determine both, we can determine both   and  and  and consequently the full  and consequently the full kkii ϵϵ0i0i ϵϵ0000

wave solution too. The polarization components wave solution too. The polarization components   are therefore actually are therefore actually redundantredundant..ϵϵ0𝜇0𝜇

  
So far, we've only imposed the Lorenz gauge. Let's next impose the transverse-traceless So far, we've only imposed the Lorenz gauge. Let's next impose the transverse-traceless 

gauge, which means we set gauge, which means we set  and  and . For our wave solution, these . For our wave solution, these hh == 00TTTT
0𝜇0𝜇 𝛿𝛿 hh == 00ijij TTTT

ijij

become algebraic conditions for the become algebraic conditions for the polarization tensorpolarization tensor, namely, , namely,  and  and ϵϵ == 00TTTT
0𝜇0𝜇

. We also have condition . We also have condition , which turns into, which turns into  . By imposing . By imposing 𝛿𝛿 ϵϵ == 00ijij TTTT
ijij ∂∂ hh == 00ii TTTT

ijij kk ϵϵ == 00ii TTTT
ijij

all of these, we're left with only the all of these, we're left with only the tracelesstraceless and  and transversetransverse  spatialspatial components  components ::hhTTTT
ijij

  

  The TT-gauge conditionsThe TT-gauge conditions

  (for the polarization tensor)(for the polarization tensor)
  
𝜔𝜔 == ckck            ϵ           ϵ == 00TTTT

0𝜇0𝜇

kk ϵϵ == 00ii TTTT
ijij    𝛿   𝛿 ϵϵ == 00ijij TTTT

ijij

  
While we don't While we don't need need to explicitly solve for the specific to explicitly solve for the specific  that puts us in the TT-gauge, it  that puts us in the TT-gauge, it 𝜉𝜉RR

𝜇𝜇

can be nice to see a concrete example of how this would work. This is worked out below.can be nice to see a concrete example of how this would work. This is worked out below.

  

  
Example: Finding a Residual Gauge Parameter In PracticeExample: Finding a Residual Gauge Parameter In Practice

  
  
We should begin by working out the differential equations needed to solve for theWe should begin by working out the differential equations needed to solve for the  
residual gauge parameter in the first place. The transformation ofresidual gauge parameter in the first place. The transformation of   and its trace are  and its trace are 

given by (we derived these in the section discussing the Lorenz gauge): given by (we derived these in the section discussing the Lorenz gauge): 

hhTRTR
𝜇𝜈𝜇𝜈

  

hh⏨⏨TRTR
𝜇𝜈𝜇𝜈 == hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉 ++ 𝜂𝜂 ∂∂ 𝜉𝜉TRTR

𝜇𝜈𝜇𝜈 𝜇𝜇
RR
𝜈𝜈 𝜈𝜈

RR
𝜇𝜇 𝜇𝜈𝜇𝜈

𝛼𝛼 RR
𝛼𝛼

hh⏨⏨TRTR == hh -- 2∂2∂ 𝜉𝜉TRTR 𝛼𝛼 RR
𝛼𝛼

  
Now if we want to impose the TT-gauge whereNow if we want to impose the TT-gauge where  , we require that the , we require that the 

above transformed quantities, with above transformed quantities, with  in the first expression, should equal zero: in the first expression, should equal zero:

hh == hh == 00TTTT
𝜇0𝜇0

TTTT

𝜈𝜈 == 00
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    ⇒⇒     
hh == ≡≡ 00TTTT
𝜇0𝜇0 hh⏨⏨TRTR

𝜇0𝜇0

hh == ≡≡ 00TTTT hh⏨⏨TRTR

∂∂ 𝜉𝜉 ++ ∂∂ 𝜉𝜉 -- 𝜂𝜂 ∂∂ 𝜉𝜉 == hh𝜇𝜇
RR
00 00

RR
𝜇𝜇 𝜇0𝜇0

𝛼𝛼 RR
𝛼𝛼

TRTR
𝜇0𝜇0

∂∂ 𝜉𝜉 == hh𝛼𝛼 RR
𝛼𝛼

11

22
TRTR

  
These are again partial differential equations we need to solve for the residual gauge These are again partial differential equations we need to solve for the residual gauge 

parameter parameter . Because the TT-gauge comes from a residual gauge, we need the . Because the TT-gauge comes from a residual gauge, we need the 

gauge parameter to also satisfygauge parameter to also satisfy  . Since . Since anyany solution  solution  satisfying all of  satisfying all of 

these conditions will work, a convenient choice we could try isthese conditions will work, a convenient choice we could try is  , , 

which solves the wave equation when which solves the wave equation when . Plugging this, and. Plugging this, and  
 from earlier, into our gauge condition equations, we find: from earlier, into our gauge condition equations, we find:

𝜉𝜉RR
𝜇𝜇

∂∂ ∂∂ 𝜉𝜉 == 00𝛼𝛼
𝛼𝛼

RR
𝜇𝜇 𝜉𝜉RR

𝜇𝜇

𝜉𝜉 == aa kk xxRR
𝜇𝜇 𝜇𝜇 sinsin 𝛼𝛼

𝛼𝛼

kk kk == 00𝛼𝛼
𝛼𝛼

hh == ϵϵ kk xxTRTR
𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈 coscos 𝛼𝛼

𝛼𝛼

  
∂∂ 𝜉𝜉 ++ ∂∂ 𝜉𝜉 -- 𝜂𝜂 ∂∂ 𝜉𝜉 == hh𝜇𝜇

RR
00 00

RR
𝜇𝜇 𝜇0𝜇0

𝛼𝛼 RR
𝛼𝛼

TRTR
𝜇0𝜇0

∂∂ 𝜉𝜉 == hh𝛼𝛼 RR
𝛼𝛼

11

22
TRTR

⇒⇒     

kk aa kk xx ++ kk aa kk xx -- 𝜂𝜂 kk aa kk xx == ϵϵ kk xx𝜇𝜇 00 coscos 𝛼𝛼
𝛼𝛼 00 𝜇𝜇 coscos 𝛼𝛼

𝛼𝛼 𝜇0𝜇0
𝛼𝛼

𝛼𝛼 coscos 𝛼𝛼
𝛼𝛼 𝜇0𝜇0 coscos 𝛼𝛼

𝛼𝛼

kk aa kk xx == 𝜂𝜂 ϵϵ kk xx𝛼𝛼
𝛼𝛼 coscos 𝛼𝛼

𝛼𝛼
11

22
𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈 coscos 𝛼𝛼
𝛼𝛼

⇒⇒     
kk aa -- kkaa -- 𝜂𝜂 kk aa == ϵϵ𝜇𝜇 00 𝜇𝜇 𝜇0𝜇0

𝛼𝛼
𝛼𝛼 𝜇0𝜇0

kk aa == 𝜂𝜂 ϵϵ𝛼𝛼
𝛼𝛼

11

22
𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈

  
We can split the first equation into two separate equations for We can split the first equation into two separate equations for  and and  , and , and 

also write out the summations over also write out the summations over   (here,(here,    andand  ):):
𝜇𝜇 == 00 𝜇𝜇 == ii

𝛼𝛼 𝜂𝜂 == 00i0i0 kk == -- kk == kk00
00

  

  ⇒⇒     

kk aa -- kaka -- 𝜂𝜂 kk aa ++ kk aa == ϵϵ00 00 00 0000
00

00
ii

ii 0000

kk aa -- kaka == ϵϵii 00 ii i0i0

kk aa ++ kk aa ==00
00

ii
ii

11

22
𝜂𝜂 ϵϵ𝜇𝜈𝜇𝜈

𝜇𝜈𝜇𝜈

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=ϵ=ϵ𝜇𝜇𝜇𝜇

--kaka ++ kk aa == ϵϵ00
ii

ii 0000

kk aa -- kaka == ϵϵii 00 ii i0i0

kkaa ++ kk aa == ϵϵ00
ii

ii
11

22

𝜇𝜇
𝜇𝜇

  
Solving these now amounts to some straightforward algebra. For instance, we can Solving these now amounts to some straightforward algebra. For instance, we can 

solve the third equation for solve the third equation for , insert it into the first equation and solve for , insert it into the first equation and solve for ..kk aaii ii aa00
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,,
  
Then, inserting the result into the second equation and solving for Then, inserting the result into the second equation and solving for  would give: would give:aaii

  

aa == ϵϵ -- 2ϵ2ϵ00
11

4k4k
𝜇𝜇
𝜇𝜇 0000

aa == kk aa -- ϵϵii
11

kk
(( ii 00 i0i0))

  
These now give us an explicit solution for the residual gauge parameter! Choosing These now give us an explicit solution for the residual gauge parameter! Choosing 

these amplitudes for these amplitudes for , with, with  , is guaranteed to put , is guaranteed to put 

us in the TT-gauge. We can check that explicitly, just to be sure:us in the TT-gauge. We can check that explicitly, just to be sure:

𝜉𝜉 == aa kk xxRR
𝜇𝜇 𝜇𝜇 sinsin 𝛼𝛼

𝛼𝛼 aa ==𝜇𝜇 aa00 aaii

  
hhTTTT

0000 == hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉 ++ 𝜂𝜂 ∂∂ 𝜉𝜉TRTR
0000 00

RR
00 00

RR
00 0000

𝛼𝛼 RR
𝛼𝛼

  == ϵϵ kk xx ++ kaka kk xx -- kk aa kk xx0000 coscos 𝛼𝛼
𝛼𝛼 00 coscos 𝛼𝛼

𝛼𝛼
ii

ii coscos 𝛼𝛼
𝛼𝛼

  == ϵϵ kk xx ++ kk xx == 000000 coscos 𝛼𝛼
𝛼𝛼 ϵϵ

kk
kk

ii

i0i0

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢-ϵ-ϵ0000

coscos 𝛼𝛼
𝛼𝛼

hhTTTT
i0i0 == hh -- ∂∂ 𝜉𝜉 -- ∂∂ 𝜉𝜉 ++ 𝜂𝜂 ∂∂ 𝜉𝜉TRTR

i0i0 ii
RR
00 00

RR
ii i0i0

𝛼𝛼 RR
𝛼𝛼

  == ϵϵ kk xx -- kk aa kk xx ++ kaka kk xxi0i0 coscos 𝛼𝛼
𝛼𝛼 ii 00 coscos 𝛼𝛼

𝛼𝛼 ii coscos 𝛼𝛼
𝛼𝛼

  == ϵϵ kk xx -- kk aa kk xx ++ kk aa kk xx -- ϵϵ kk xx == 00i0i0 coscos 𝛼𝛼
𝛼𝛼 ii 00 coscos 𝛼𝛼

𝛼𝛼 ii 00 coscos 𝛼𝛼
𝛼𝛼 i0i0 coscos 𝛼𝛼

𝛼𝛼

  

hhTTTT == hh -- 2∂2∂ 𝜉𝜉TRTR 𝛼𝛼 RR
𝛼𝛼

  == ϵϵ kk xx -- 2k2kaa kk xx -- 2k2k aa kk xx𝜇𝜇
𝜇𝜇 coscos 𝛼𝛼

𝛼𝛼 00 coscos 𝛼𝛼
𝛼𝛼

ii
ii coscos 𝛼𝛼

𝛼𝛼

  == 2ϵ2ϵ kk xx ++ 22 kk xx == 000000 coscos 𝛼𝛼
𝛼𝛼 ϵϵ

kk
kk

ii

i0i0

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢-ϵ-ϵ0000

coscos 𝛼𝛼
𝛼𝛼
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4.3. 4.3. Gravitational Wave Polarization ModesGravitational Wave Polarization Modes

  
Let's now analyze the general relations we've found for gravitational plane waves. We can Let's now analyze the general relations we've found for gravitational plane waves. We can 

pick a wave travelling pick a wave travelling in the in the -direction-direction, so the wave vector has the form , so the wave vector has the form   zz kk == 00,, 00,, kkii (( ))

(and (and  from the dispersion relation). The choice of propagation direction is  from the dispersion relation). The choice of propagation direction is kk == kk,, 00,, 00,, kk𝜇𝜇 (( ))
arbitrary, but specifying one explicitly just makes things much more concrete. With this arbitrary, but specifying one explicitly just makes things much more concrete. With this 

choice of wave vector, the transverse-traceless conditions take the following form:choice of wave vector, the transverse-traceless conditions take the following form:

  
ϵϵ == 00TTTT

0𝜇0𝜇

kk ϵϵ == 0  0  ⇒⇒   ϵ  ϵ == 00ii TTTT
ijij

TTTT
zjzj

𝛿𝛿 ϵϵ == 0  0  ⇒⇒     ϵϵ ++ ϵϵ ++ ϵϵ == 00ijij TTTT
ijij

TTTT
xxxx

TTTT
yyyy

TTTT
zzzz

  
The first two sets of conditions imply that any time- or The first two sets of conditions imply that any time- or -components of the polarization -components of the polarization zz
tensor are zero, so the possible polarization "directions" aretensor are zero, so the possible polarization "directions" are transverse transverse to the to the  -direction. -direction. zz
So, the perturbations the gravitational wave causes as it propagates occur in the So, the perturbations the gravitational wave causes as it propagates occur in the -plane.-plane.xyxy
  
What about the traceless condition? With the transverse condition implying What about the traceless condition? With the transverse condition implying , the , the ϵϵ == 00TTTT

zzzz

tracelessness gives ustracelessness gives us  . If the wave had, say, polarization in the . If the wave had, say, polarization in the -direction -direction ϵϵ == -- ϵϵTTTT
yyyy

TTTT
xxxx xx

(so, its amplitude oscillates in the (so, its amplitude oscillates in the -direction), it must also have an equal but -direction), it must also have an equal but oppositeopposite  xx
polarization component in the polarization component in the -direction. Essentially, a stretching of spacetime in one -direction. Essentially, a stretching of spacetime in one yy
direction has to be accompanied by an equal squeezing in the "perpendicular" direction.direction has to be accompanied by an equal squeezing in the "perpendicular" direction.
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We will denote here We will denote here  and and   for reasons that will become more clear  for reasons that will become more clear ϵϵ == ϵϵTTTT
xxxx ++ ϵϵ == ϵϵTTTT

xyxy ××

soon. The full polarization tensor, written as a soon. The full polarization tensor, written as a   matrix, then takes the form:matrix, then takes the form:22 ×× 22
  

ϵϵ ==TTTT
𝜇𝜈𝜇𝜈

00 00 00 00
00 ϵϵ++ ϵϵ×× 00

00 ϵϵ×× --ϵϵ++ 00

00 00 00 00
  
We can see that there are only We can see that there are only two independent componentstwo independent components, which are encapsulated in , which are encapsulated in 

the two polarization modes, the two polarization modes,  and  and . The metric having only two physical degrees of . The metric having only two physical degrees of ϵϵ++ ϵϵ××

freedom is a result of the residual gauge symmetry we discussed earlier.freedom is a result of the residual gauge symmetry we discussed earlier.

  

In electrodynamicsIn electrodynamics, we find something similar in that residual gauge symmetry , we find something similar in that residual gauge symmetry 

forbids a "longitudinal" polarization state for electromagnetic plane waves. In forbids a "longitudinal" polarization state for electromagnetic plane waves. In 

quantum electrodynamics, this means that photons only have two possible spin states quantum electrodynamics, this means that photons only have two possible spin states 

(+1 or -1, but not 0!). In theories of (+1 or -1, but not 0!). In theories of quantum gravityquantum gravity, residual gauge symmetry , residual gauge symmetry 

similarly would prevent the graviton from having any other spin than +2 or -2.similarly would prevent the graviton from having any other spin than +2 or -2.

  
With the polarization tensor for these gravitational waves solved and the perturbation With the polarization tensor for these gravitational waves solved and the perturbation 

given asgiven as  , we can then write down the full spacetime metric as:, we can then write down the full spacetime metric as:hh == ϵϵ 𝜔t𝜔t -- kzkzTTTT
𝜇𝜈𝜇𝜈

TTTT
𝜇𝜈𝜇𝜈 coscos(( ))

  

gg == 𝜂𝜂 ++ hh ==𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈
TTTT
𝜇𝜈𝜇𝜈

--11 00 00 00
00 11 ++ ϵϵ 𝜔t𝜔t -- kzkz++ coscos(( )) ϵϵ 𝜔t𝜔t -- kzkz×× coscos(( )) 00

00 ϵϵ 𝜔t𝜔t -- kzkz×× coscos(( )) 11 -- ϵϵ 𝜔t𝜔t -- kzkz++ coscos(( )) 00

00 00 00 11
  
Let's now try to interpret what these two polarization modes actually describe. Why do we Let's now try to interpret what these two polarization modes actually describe. Why do we 

label them with "label them with " " and "" and " "? Well, these labels come from simply how the deformation "? Well, these labels come from simply how the deformation ++ ××
patterns of the two independent polarization modes "look" like - a patterns of the two independent polarization modes "look" like - a plusplus or a  or a crosscross. The . The 

diagonal cosine-terms here represent a diagonal cosine-terms here represent a plus-polarizedplus-polarized wave and the off-diagonal ones a  wave and the off-diagonal ones a 

cross-polarizedcross-polarized wave, hence the notation wave, hence the notation   and  and  for their amplitudes. The metric we  for their amplitudes. The metric we ϵϵ++ ϵϵ××

have here represents a wave that is a general combination of both polarization modes.have here represents a wave that is a general combination of both polarization modes.
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To better understand these, we can write down the metric perturbations for both To better understand these, we can write down the metric perturbations for both 

individual polarizations, so one gravitational wave that is purely individual polarizations, so one gravitational wave that is purely plusplus-polarized and one -polarized and one 

wave that is purely wave that is purely crosscross-polarized. We get these simply by setting-polarized. We get these simply by setting   or or  ::ϵϵ == 00++ ϵϵ == 00××

  

                    Plus-polarized gravitational wave Plus-polarized gravitational wave (( , , ):):ϵϵ == 00×× ϵϵ ≠≠ 00++

  

hh ==𝜇𝜈𝜇𝜈

00 00 00 00
00 ϵϵ 𝜔t𝜔t -- kzkz++ coscos(( )) 00 00

00 00 --ϵϵ 𝜔t𝜔t -- kzkz++ coscos(( )) 00

00 00 00 00

  

Cross-polarized gravitational wave Cross-polarized gravitational wave (( , , ):):ϵϵ == 00++ ϵϵ ≠≠ 00××

  

hh ==𝜇𝜈𝜇𝜈

00 00 00 00
00 00 ϵϵ 𝜔t𝜔t -- kzkz×× coscos(( )) 00

00 ϵϵ 𝜔t𝜔t -- kzkz×× coscos(( )) 00 00

00 00 00 00

  
These define the two transverseThese define the two transverse linear polarization modes linear polarization modes of a gravitational wave. We  of a gravitational wave. We 

can compare them to a linearly polarized electromagnetic wave along the can compare them to a linearly polarized electromagnetic wave along the -direction. If -direction. If zz

the wave is linearly polarized in say the the wave is linearly polarized in say the -direction, its electric field is-direction, its electric field is  . A linearly . A linearly xx ∝∝EE eexx

polarized gravitational wave does not have just a single polarization "axis", rather its linear polarized gravitational wave does not have just a single polarization "axis", rather its linear 

polarization involves polarization involves tensor productstensor products of basis directions, for example, for a  of basis directions, for example, for a plusplus-mode:-mode:

  

== EE 𝜔t𝜔t -- kzkz     ⇔⇔   h  h == ϵϵ 𝜔t𝜔t -- kzkz ⊗⊗ -- ϵϵ 𝜔t𝜔t -- kzkz ⊗⊗EE 00 coscos(( ))eexx ++ coscos(( ))eexx eexx ++ coscos(( ))eeyy eeyy

  
The difference to electromagnetic waves is simply that gravitational waves are not vector The difference to electromagnetic waves is simply that gravitational waves are not vector 

fields but fields but tensor fieldstensor fields, so they don't have a simple "polarization axis" along any one , so they don't have a simple "polarization axis" along any one 

direction. Instead, a gravitational wave requires two axes to oscillate along simultaneously.direction. Instead, a gravitational wave requires two axes to oscillate along simultaneously.

  
To understand what these polarization modes do, we can look at the line element,To understand what these polarization modes do, we can look at the line element,  , , dsds22

which describes the coordinate-invariant distance between two nearby spacetime points.which describes the coordinate-invariant distance between two nearby spacetime points.
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Let's begin with a purely Let's begin with a purely plus-polarizedplus-polarized gravitational wave, which has the line element: gravitational wave, which has the line element:

  
dsds22 == gg dxdx dxdx == 𝜂𝜂 ++ hh dxdx dxdx == -- cc dtdt ++ 11 ++ hh dxdx ++ 11 ++ hh dydy ++ dzdz𝜇𝜈𝜇𝜈

𝜇𝜇 𝜈𝜈 (( 𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈)) 𝜇𝜇 𝜈𝜈 22 22 (( 1111)) 22 (( 2222)) 22 22

  

⇒⇒     dsds == -- cc dtdt ++ 11 ++ ϵϵ 𝜔t𝜔t -- kzkz dxdx ++ 11 -- ϵϵ 𝜔t𝜔t -- kzkz dydy ++ dzdz22 22 22 [[ ++ coscos(( ))]] 22 [[ ++ coscos(( ))]] 22 22

  
Initially, at Initially, at , this gives , this gives  and  and   at the same instant. These at the same instant. These zz == tt == 00 11 ++ ϵϵ dxdx(( ++)) 22 11 -- ϵϵ dydy(( ++)) 22

terms represent how lengths along theterms represent how lengths along the  - and- and  -directions are scaled, so the -directions are scaled, so the -direction -direction xx yy xx
gets gets stretchedstretched by an amount by an amount   and the  and the -direction-direction squeezed squeezed by the same amount. As  by the same amount. As ϵϵ++ yy
time (andtime (and  ) passes, this "squeeze-stretch" pattern will oscillate in a ) passes, this "squeeze-stretch" pattern will oscillate in a plus-shapedplus-shaped pattern: pattern:zz

The The cross-polarizedcross-polarized wave behaves in the same way but with its pattern rotated by  wave behaves in the same way but with its pattern rotated by ::45°45°
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These depend on the orientation of our coordinate axes, so what looks like plus-These depend on the orientation of our coordinate axes, so what looks like plus-

polarization in one coordinate system might look like cross in another. What matters is polarization in one coordinate system might look like cross in another. What matters is 

that there are two that there are two orthogonalorthogonal polarization modes, but not really which is defined as which. polarization modes, but not really which is defined as which.

  
We can also have any kind of combination of these two linear polarizations where both We can also have any kind of combination of these two linear polarizations where both 

 and  and .. One such special case is called a  One such special case is called a circularly polarized gravitational circularly polarized gravitational ϵϵ ≠≠ 00++ ϵϵ ≠≠ 00××

wavewave, which contains an equal amount of both linear polarizations, so , which contains an equal amount of both linear polarizations, so ::ϵϵ == ϵϵ ≡≡ ϵϵ++ ××

  

hh𝜇𝜈𝜇𝜈 ==

00 00 00 00
00 ϵϵ 𝜔t𝜔t -- kzkzcoscos(( )) ϵϵ 𝜔t𝜔t -- kzkzcoscos(( )) 00
00 ϵϵ 𝜔t𝜔t -- kzkzcoscos(( )) --ϵϵ 𝜔t𝜔t -- kzkzcoscos(( )) 00
00 00 00 00

  == ++

00 00 00 00
00 ϵϵ 𝜔t𝜔t -- kzkzcoscos(( )) 00 00
00 00 --ϵϵ 𝜔t𝜔t -- kzkzcoscos(( )) 00
00 00 00 00

00 00 00 00
00 00 ϵϵ 𝜔t𝜔t -- kzkzcoscos(( )) 00
00 ϵϵ 𝜔t𝜔t -- kzkzcoscos(( )) 00 00
00 00 00 00

  
This can be interpreted as aThis can be interpreted as a rotating ellipse rotating ellipse, so there is no "up-down" oscillation pattern:, so there is no "up-down" oscillation pattern:
  

  
The most general type of plane gravitational wave is an The most general type of plane gravitational wave is an elliptically polarizedelliptically polarized one, which  one, which 

is like a rotating ellipse but with some amount of "up-down" oscillation as well. The metric is like a rotating ellipse but with some amount of "up-down" oscillation as well. The metric 

perturbation for this would be the same as above but with perturbation for this would be the same as above but with ..ϵϵ ≠≠ ϵϵ++ ××

  
So far, we've analyzed gravitational waves by picking the direction of propagation along So far, we've analyzed gravitational waves by picking the direction of propagation along 

the the -axis, however, everything discussed here would work the same for any other -axis, however, everything discussed here would work the same for any other zz
propagation direction. Later, we'll build a more general approach to describe this stuff, propagation direction. Later, we'll build a more general approach to describe this stuff, 

but before that, we can now take a look at an application: gravitational wavebut before that, we can now take a look at an application: gravitational wave detectors detectors..
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4.4. 4.4. Application: Gravitational Wave DetectorsApplication: Gravitational Wave Detectors

  
Gravitational waves have been known about for a long time, but when they were first Gravitational waves have been known about for a long time, but when they were first 

discovered, there was doubt if they could ever be detected due to their amplitudes (ourdiscovered, there was doubt if they could ever be detected due to their amplitudes (our  
) being so small. Indeed, it took almost a century for the first direct detection of a ) being so small. Indeed, it took almost a century for the first direct detection of a ϵϵ+/×+/×

gravitational wave (in 2015), with many more having been detected since then.gravitational wave (in 2015), with many more having been detected since then.

  
An interesting question to address is, how are these gravitational waves actually An interesting question to address is, how are these gravitational waves actually 

measured? We know that gravitational waves cause length changes, so at first glance, the measured? We know that gravitational waves cause length changes, so at first glance, the 

answer would appear to be just "measure the change in length caused by such a wave".answer would appear to be just "measure the change in length caused by such a wave".

  
But there is a problem: you cannot just go in with a ruler trying to measure such length But there is a problem: you cannot just go in with a ruler trying to measure such length 

changes because a gravitational wave passing by would changes because a gravitational wave passing by would alsoalso deform your ruler. There is  deform your ruler. There is 

no direct way to measure a length change if every local length changes simultaneously.no direct way to measure a length change if every local length changes simultaneously.

  
Currently existing detectors, such as LIGO, are instead based on Currently existing detectors, such as LIGO, are instead based on laser interferometrylaser interferometry. . 
These measure the length change caused by a gravitational wave from an These measure the length change caused by a gravitational wave from an interference interference 

patternpattern of two laser beams, which  of two laser beams, which cancan be measured unambiguously (either you have an  be measured unambiguously (either you have an 

interference pattern or you don't!). All kinds of information about the gravitational wave interference pattern or you don't!). All kinds of information about the gravitational wave 

itself can then be extracted from this interference pattern.itself can then be extracted from this interference pattern.

  
Next, I'd like to walk you through how this process happens through a simplified example. Next, I'd like to walk you through how this process happens through a simplified example. 

We'll first look at the theory behind these laser interferometers and then how they relate We'll first look at the theory behind these laser interferometers and then how they relate 

to gravitational wave polarization patterns and the detection of these waves.to gravitational wave polarization patterns and the detection of these waves.

  
A laser interferometer for detecting gravitational waves should consist of two A laser interferometer for detecting gravitational waves should consist of two 

perpendicular arms perpendicular arms that the laser beams travel along. This is because the oscillations a that the laser beams travel along. This is because the oscillations a 

gravitational wave causes are maximal along the two perpendicular directions its gravitational wave causes are maximal along the two perpendicular directions its 

polarization consists of. Below is roughly what one of these interferometers could look like.polarization consists of. Below is roughly what one of these interferometers could look like.
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Let's go through how this works. First, a laser beam is sent out to a Let's go through how this works. First, a laser beam is sent out to a beamsplitterbeamsplitter where it  where it 

gets splits into a reflected beam and a transmitted beam. A beamsplitter can be gets splits into a reflected beam and a transmitted beam. A beamsplitter can be 

something as "simple" as a block consisting of many dielectric layers with suitably chosen something as "simple" as a block consisting of many dielectric layers with suitably chosen 

permittivities. In our setup, we want the beamsplitter to be "50/50", meaning the incoming permittivities. In our setup, we want the beamsplitter to be "50/50", meaning the incoming 

beam is split in beam is split in half half (equal power goes into both the reflected and transmitted beams).(equal power goes into both the reflected and transmitted beams).

  
The beamsplitter is usually engineered so that the The beamsplitter is usually engineered so that the reflectedreflected beam also picks up a beam also picks up a phase  phase 

shift ofshift of   compared to the transmitted beam. After the beamsplitter, we then have two  compared to the transmitted beam. After the beamsplitter, we then have two 90°90°

equal amplitude beams along both arms, with a relative phase difference of equal amplitude beams along both arms, with a relative phase difference of  (i.e. (i.e.  ).).90°90° 𝜋𝜋 // 22
  
As the laser beam now travels along a given arm, it picks up a phase that depends on the As the laser beam now travels along a given arm, it picks up a phase that depends on the 

length of the arm, saylength of the arm, say  , and the wavenumber , and the wavenumber   of the laser (which is an of the laser (which is an ℓℓxx kk == 𝜔𝜔 // cc
electromagnetic wave). Each beam bounces off the mirror and travels back the same path, electromagnetic wave). Each beam bounces off the mirror and travels back the same path, 

so the total phases accrued along the arms areso the total phases accrued along the arms are   and and  . Both beams then go . Both beams then go 2kℓ2kℓxx 2kℓ2kℓyy

through the beamsplitter again to combine at the detector side. The beam along thethrough the beamsplitter again to combine at the detector side. The beam along the  --yy
arm picks up another arm picks up another   phase shift here, so it is now out of phase byphase shift here, so it is now out of phase by   compared to the  compared to the 90°90° 𝜋𝜋
other beam. The total other beam. The total phase differencephase difference as the beams combine at the detector is then: as the beams combine at the detector is then:

  
Δ𝜙Δ𝜙 == 2kℓ2kℓ -- 2kℓ2kℓ ++ 𝜋𝜋 == 2k2k ℓℓ -- ℓℓ -- 𝜋𝜋xx (( yy )) (( xx yy))
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The detector then measures the total intensity of the combined beam, which is what we The detector then measures the total intensity of the combined beam, which is what we 

call an call an interference patterninterference pattern. Depending on the phases of the two beams, they can . Depending on the phases of the two beams, they can 

interfere contructively or destructively, and the detector is only able to measure this total, interfere contructively or destructively, and the detector is only able to measure this total, 

interfered beam. The (normalized) interference pattern in this setup can be derived to be:interfered beam. The (normalized) interference pattern in this setup can be derived to be:
  

II == == == kk ℓℓ -- ℓℓcoscos22 Δ𝜙Δ𝜙

22
coscos22 2k2k ℓℓ -- ℓℓ -- 𝜋𝜋

22

(( xx yy))
sinsin22[[ (( xx yy))]]

  
The purpose of the The purpose of the   phase shifts is to turn the cosine here into sine. The total intensity phase shifts is to turn the cosine here into sine. The total intensity 90°90°
of the return laser now depends on the of the return laser now depends on the length differencelength difference of the arms. When there is  of the arms. When there is nono  
gravitational wave, we ideally don't want to detect anything. This is achieved if we choose gravitational wave, we ideally don't want to detect anything. This is achieved if we choose 

the arms to have the arms to have equal lengthequal length, , . When this is true, the resulting measured . When this is true, the resulting measured ℓℓ == ℓℓ ≡≡ ℓℓxx yy 00

intensity will be zero, so the beams interfere intensity will be zero, so the beams interfere destructivelydestructively and cancel out at the detector. and cancel out at the detector.

  
What happens then when a gravitational wave passes by? By its polarization pattern, it will What happens then when a gravitational wave passes by? By its polarization pattern, it will 

periodically stretch one of the arms and squeeze the other. This causes a non-zero length periodically stretch one of the arms and squeeze the other. This causes a non-zero length 

difference, difference, , and therefore also a non-zero measured intensity at the detector., and therefore also a non-zero measured intensity at the detector.ℓℓ -- ℓℓ ≠≠ 00xx yy

  
Let's now consider a Let's now consider a plus-polarized plus-polarized wave arriving along the wave arriving along the -axis, with the detector setup -axis, with the detector setup zz
in thein the  -plane at -plane at . We can take its plus-pattern to align with the detector arms.. We can take its plus-pattern to align with the detector arms.xyxy zz == 00

The amplitude of the plus-polarized gravitational wave is denoted as the arbitrary constant The amplitude of the plus-polarized gravitational wave is denoted as the arbitrary constant  here. here.AA
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The two relevant components of the metric at the detector plane (The two relevant components of the metric at the detector plane ( ) are given by:) are given by:zz == 00
  

gg == 11 ++ AA 𝜔t𝜔t -- kzkz 11 ++ AA 𝜔t𝜔t1111 coscos(( ))
z=0z=0

== coscos

gg == 11 -- AA 𝜔t𝜔t -- kzkz == 11 -- AA 𝜔t𝜔t2222 coscos(( )) coscos
  
We can calculate the length change caused by this wave on the two arms from the line We can calculate the length change caused by this wave on the two arms from the line 

element. At some particular time instance, the lengths of theelement. At some particular time instance, the lengths of the  - and- and  -arms are given by -arms are given by xx yy
integrating the line elements along these directions:integrating the line elements along these directions:

  

ℓℓ == dsds == dxdx == dxdxxx
00
∫∫

ℓℓ00

xx
00
∫∫

ℓℓ00

gg1111
00
∫∫

ℓℓ00

11 ++ AA 𝜔t𝜔tcoscos

ℓℓ == dsds == dydy == dydyyy
00
∫∫

ℓℓ00

yy
00
∫∫

ℓℓ00

gg2222
00
∫∫

ℓℓ00

11 -- AA 𝜔t𝜔tcoscos

  
We'll assume that the amplitude We'll assume that the amplitude  is approximately constant across each arm (which is a  is approximately constant across each arm (which is a AA
good approximation as the wavelengths of measurable gravitational waves are on the good approximation as the wavelengths of measurable gravitational waves are on the 

order oforder of   or longer, whereas the arms of e.g. LIGO are "only" about or longer, whereas the arms of e.g. LIGO are "only" about   long).long).∼∼ 100100 km km 4 4 kmkm
  
We also assume that We also assume that  is small, so the square roots can be Taylor-expanded to first order: is small, so the square roots can be Taylor-expanded to first order:AA
  

ℓℓ == dxdx ≈≈ 11 ++ 𝜔t𝜔t dxdx == ℓℓ ++ 𝜔t𝜔txx
00
∫∫

ℓℓ00

11 ++ AA 𝜔t𝜔tcoscos
00
∫∫

ℓℓ00 AA
22

coscos 00

ℓℓ AA

22

00
coscos

ℓℓ == dydy ≈≈ 11 -- 𝜔t𝜔t dxdx == ℓℓ -- 𝜔t𝜔tyy
00
∫∫

ℓℓ00

11 -- AA 𝜔t𝜔tcoscos
00
∫∫

ℓℓ00 AA
22

coscos 00

ℓℓ AA

22

00
coscos

  
Because of this minus sign in Because of this minus sign in , these lengths are notably , these lengths are notably notnot equal anymore due to the  equal anymore due to the ℓℓyy

gravitational wave passing by. The measured intensity profile at the detector is then:gravitational wave passing by. The measured intensity profile at the detector is then:
  

II == kk ℓℓ -- ℓℓ == kk ℓℓ ++ 𝜔t𝜔t -- ℓℓ -- 𝜔t𝜔tsinsin22[[ (( xx yy))]] sinsin22
00

ℓℓ AA

22

00
coscos 00

ℓℓ AA

22

00
coscos

  == kℓkℓ AA 𝜔t𝜔tsinsin22(( 00 coscos ))
  
In any currently existing interferometer setup, the gravitational wave amplitude In any currently existing interferometer setup, the gravitational wave amplitude   is many is many AA
orders of magnitudeorders of magnitude smaller smaller than than   (with  (with   the wavelength of the laser).the wavelength of the laser).kℓkℓ == 2𝜋ℓ2𝜋ℓ // λλ00 00 λλ
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We can therefore use the small-angle approximation We can therefore use the small-angle approximation  to get, finally: to get, finally:xx ≈≈ xxsinsin22 22

  

II tt ≈≈ kℓkℓ AA 𝜔t𝜔t(( )) (( 00 ))22 coscos22

  
What does this tell us? Well, the intensity profile at the detector is now What does this tell us? Well, the intensity profile at the detector is now time-dependenttime-dependent. . 
This is the main idea behind any gravitational wave detector: a gravitational wave passing This is the main idea behind any gravitational wave detector: a gravitational wave passing 

by causes a detectable, time-varying interference pattern. The amplitude of these by causes a detectable, time-varying interference pattern. The amplitude of these 

oscillations depends on the properties of the interferometer setup (laser wavenumber oscillations depends on the properties of the interferometer setup (laser wavenumber   kk
and "equilibrium" length of the armsand "equilibrium" length of the arms  ) and on the amplitude of the gravitational wave.) and on the amplitude of the gravitational wave.ℓℓ00

  
Also, the intensity profile,Also, the intensity profile,  , has , has twicetwice the frequency the frequency  of the gravitational wave of the gravitational wave II tt ∝∝ 𝜔t𝜔t(( )) coscos22

(because (because  varies two times "faster" than varies two times "faster" than  ), so), so half half the period. This makes  the period. This makes 𝜔t𝜔tcoscos22 𝜔t𝜔tcoscos
sense because the detector itself is blind to which arm is longer and which one shorter at sense because the detector itself is blind to which arm is longer and which one shorter at 

any given time - all it can see is theany given time - all it can see is the difference difference in arm length. This means then that, per  in arm length. This means then that, per 

gravitational wave period, there are two peaks in the intensity profile, one corresponding gravitational wave period, there are two peaks in the intensity profile, one corresponding 

to theto the  -arm maximally stretched and one to the -arm maximally stretched and one to the -arm maximally stretched, respectively.-arm maximally stretched, respectively.xx yy

  
  

  

54



Real gravitational wave detectors like LIGO and the planned space detector LISA, are Real gravitational wave detectors like LIGO and the planned space detector LISA, are 

generally more complicated than our "toy" example here. For one, they have more generally more complicated than our "toy" example here. For one, they have more 

complicated intensity readout methods. Because the amplitudes of gravitational waves complicated intensity readout methods. Because the amplitudes of gravitational waves 

passing by Earth are passing by Earth are tinytiny (on the order of (on the order of ), many signal processing schemes ), many signal processing schemes ∼∼ 1010   mm-21-21

are needed to distinguish actual gravitational waves from noise. For example, there are are needed to distinguish actual gravitational waves from noise. For example, there are 

methods to make the intensity readoutmethods to make the intensity readout   (and not its square).(and not its square).∝∝ AA 𝜔t𝜔tcoscos
  
Another clever techniques is the use of Another clever techniques is the use of resonator cavitiesresonator cavities. These are structures that allow . These are structures that allow 

the laser beam to bounce many times over along both arms before arriving at the the laser beam to bounce many times over along both arms before arriving at the 

detector. This has the effect of making the detector. This has the effect of making the effectiveeffective phase difference phase difference   much larger much larger..Δ𝜙Δ𝜙
  

4.5. 4.5. Wave Frames & Polarization Basis VectorsWave Frames & Polarization Basis Vectors

  
In this section, we will develop a more general framework for describing gravitational In this section, we will develop a more general framework for describing gravitational 

waves and their polarizations. This framework will turn out very useful when we get to waves and their polarizations. This framework will turn out very useful when we get to 

computing gravitational waves from sources towards the end of this lesson.computing gravitational waves from sources towards the end of this lesson.

  
Our goal, ultimately, is to extract the Our goal, ultimately, is to extract the transverse-tracelesstransverse-traceless (the "physical") part and the  (the "physical") part and the 

two polarization modes of a gravitational wave from a generic metric perturbation two polarization modes of a gravitational wave from a generic metric perturbation . . hhijij

This only requires knowing the direction of wave propagation (the wave vector This only requires knowing the direction of wave propagation (the wave vector 

componentscomponents  ), since we already know that the polarizations are transverse to it.), since we already know that the polarizations are transverse to it.kkii

  
Our approach relies on constructing a Our approach relies on constructing a wave framewave frame, which is a basis , which is a basis  consisting of  consisting of ,, ,,{{ ˆ̂qq ˆ̂pp ˆ̂kk}}

the wave propagation direction the wave propagation direction   (a unit vector) and two orthogonal transverse basis (a unit vector) and two orthogonal transverse basis ˆ̂kk
vectorsvectors   and and  . The unit vectors. The unit vectors   and  and  are sometimes called the are sometimes called the transverse  transverse ˆ̂qq ˆ̂pp ˆ̂qq ˆ̂pp
polarization basispolarization basis. The metric perturbation we know is transverse, so it has no . The metric perturbation we know is transverse, so it has no 

components along thecomponents along the  -axis. The here is to pick a basis "adapted" to the wave itself:-axis. The here is to pick a basis "adapted" to the wave itself:ˆ̂kk
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So, one of our coordinate axes is fixed by the wave propagation direction - but how do we So, one of our coordinate axes is fixed by the wave propagation direction - but how do we 

choosechoose   and and  ? Well, their components ? Well, their components  and  and  should satisfy the following properties: should satisfy the following properties:ˆ̂qq ˆ̂pp qqii ppii

  
• • Normalization: Normalization: qq qq == pp pp == 11ii

ii
ii

ii

• • Orthogonality: Orthogonality: qq pp == 00ii
ii

• • Transversality: Transversality: qq kk == pp kk == 00ii
ii

ii
ii

  
As long as these are satisfied, we are essentially free to choose As long as these are satisfied, we are essentially free to choose  and and   however we see fit.  however we see fit. ˆ̂qq ˆ̂pp

For example, for a wave travelling in theFor example, for a wave travelling in the  -direction, -direction, , a convenient polarization , a convenient polarization zz ==ˆ̂kk eezz

basis choice could be justbasis choice could be just   and and   (this is what we had in the previous section). (this is what we had in the previous section).==ˆ̂qq eexx ==ˆ̂pp eeyy

  
Now, we know that gravitational waves are always contained in the Now, we know that gravitational waves are always contained in the transverse-tracelesstransverse-traceless  
part, part, , of the spatial components , of the spatial components . We could split. We could split    as as ,  ,  hhTTTT

ijij hhijij hhijij hh == hh ++ijij
TTTT
ijij other stuffother stuff(( ))ijij

so into the transverse-traceless part (which is what we want) and "so into the transverse-traceless part (which is what we want) and " " containing its " containing its stuffstuff(( ))ijij
trace, longitudinal components along the wave propagation direction and other things.trace, longitudinal components along the wave propagation direction and other things.

  
We further know that the transverse-traceless part should consist of two independent We further know that the transverse-traceless part should consist of two independent 

components: the components: the plus- and cross-polarization modes.plus- and cross-polarization modes. In fact, the whole purpose of  In fact, the whole purpose of 

constructing our constructing our -basis is that, in this basis, the TT-part would take the form:-basis is that, in this basis, the TT-part would take the form:,,{{ ˆ̂qq ˆ̂pp}}
  

hh ==TTTT
ijij

hh++ hh×× 00

hh×× --hh++ 00

00 00 00
  
The question now is, how do we extract theThe question now is, how do we extract the  -part from a generic set of spatial -part from a generic set of spatial hhTTTT

ijij

components components ? We can begin by writing the above matrix representation in the form of ? We can begin by writing the above matrix representation in the form of hhijij

tensor products between tensor products between   and and  (generally, for example, (generally, for example,  ), as follows:), as follows:ˆ̂qq ˆ̂pp ⊗⊗ == qq qq(( ˆ̂qq ˆ̂qq))ijij ii jj

hhTTTT
ijij == == hh ⊗⊗ -- hh ⊗⊗ ++ hh ⊗⊗ ++ hh ⊗⊗

hh++ hh×× 00

hh×× --hh++ 00

00 00 00

(( ++ ˆ̂qq ˆ̂qq ++ ˆ̂pp ˆ̂pp ×× ˆ̂qq ˆ̂pp ×× ˆ̂pp ˆ̂qq))ijij

  == hh -- hh ++ hh ++ hh++ ⊗⊗(( ˆ̂qq ˆ̂qq))ijij
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=q=q qqii jj

++ ⊗⊗(( ˆ̂pp ˆ̂pp))ijij
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=p=p ppii jj

×× ⊗⊗(( ˆ̂qq ˆ̂pp))ijij
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=q=q ppii jj

×× ⊗⊗(( ˆ̂pp ˆ̂qq))ijij
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=p=p qqii jj

  == hh qq qq -- pp pp ++ hh qq pp ++ pp qq++(( ii jj ii jj)) ××(( ii jj ii jj))
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Any metric perturbation Any metric perturbation  in this wave frame basis is then going to take the general form: in this wave frame basis is then going to take the general form:hhijij

  
hh == hh ++ stuffstuff == hh qq qq -- pp pp ++ hh qq pp ++ pp qq ++ stuffstuffijij

TTTT
ijij (( ))ijij ++(( ii jj ii jj)) ××(( ii jj ii jj)) (( ))ijij

  
We could now consider We could now consider contractingcontracting both sides with, say,  both sides with, say, . The . The   qq qq -- pp ppii jj ii jj stuffstuff(( ))ijij
contains things like trace terms of the form contains things like trace terms of the form  or terms proportional to  or terms proportional to , which , which TrTr hh 𝛿𝛿(( ijij)) ijij kkii

are zero by the normalization and transversality ofare zero by the normalization and transversality of   and  and . Schematically, we would get:. Schematically, we would get:qqii ppii

  
qq qq -- pp pp stuffstuff ∝∝ qq qq -- pp pp 𝛿𝛿 ++ kk == -- ++ qq -- pp == 00ii jj ii jj (( ))ijij

ii jj ii jj (( ijij ii)) qq qqii ii
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=1=1

pp ppii ii
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=1=1

jj qq kkii ii
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=0=0

jj pp kkii ii
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=0=0
  
We can similarly calculate what contractions of the terms in front ofWe can similarly calculate what contractions of the terms in front of   and  and  would give: would give:hh++ hh××

  
qq qq -- pp pp qq qq -- pp pp == -- -- ++ == 22ii jj ii jj (( ii jj ii jj)) qq qqii ii

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=1=1

qq qqjj jj
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=1=1

qq ppii ii

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=0=0

pp qqjj jj
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=0=0

qq ppii ii
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=0=0

qq ppjj jj
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=0=0

pp ppii ii
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=1=1

pp ppjj jj
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=1=1

qq qq -- pp pp qq pp ++ pp qq == ++ -- -- == 00ii jj ii jj (( ii jj ii jj)) qq qqii ii
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=1=1

qq ppjj jj
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=0=0

qq ppii ii
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=0=0

qq qqjj jj
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=1=1

pp qqii ii
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=0=0

pp ppjj jj
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=1=1

pp ppii ii
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=1=1

pp qqjj jj
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢

=0=0

  
So, if we apply this contraction to a So, if we apply this contraction to a generalgeneral  , we would conveniently end up with:, we would conveniently end up with:hhijij

  

qq qq -- pp pp hhii jj ii jj
ijij == qq qq -- pp pp hh qq qq -- pp pp ++ hh qq pp ++ pp qq ++ stuffstuff == 2h2hii jj ii jj

++(( ii jj ii jj)) ××(( ii jj ii jj)) (( ))ijij ++

  
We can therefore extract the We can therefore extract the plus-polarization componentplus-polarization component directly from directly from   as: as:hhijij

  

hh == qq qq -- pp pp hh++
11

22
ii jj ii jj

ijij

  
If we instead were to contract If we instead were to contract  with  with , we would find:, we would find:hhijij qq pp ++ pp qqii jj ii jj

  

qq pp ++ pp qq hhii jj ii jj
ijij == qq pp ++ pp qq hh qq qq -- pp pp ++ hh qq pp ++ pp qq ++ stuffstuffii jj ii jj

++(( ii jj ii jj)) ××(( ii jj ii jj)) (( ))ijij

== hh ++ hh ++ == 2h2h++ qq pp ++ pp qq qq qq -- pp ppii jj ii jj (( ii jj ii jj))

⏠⏠⏣⏣⏣⏣⏣⏣⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏣⏣⏣⏣⏣⏣⏢⏢=0=0

×× qq pp ++ pp qq qq pp ++ pp qqii jj ii jj (( ii jj ii jj))

⏠⏠⏣⏣⏣⏣⏣⏣⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏣⏣⏣⏣⏣⏣⏢⏢=2=2

qq pp ++ pp qq stuffstuffii jj ii jj (( ))ijij

⏠⏠⏣⏣⏣⏣⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏣⏣⏣⏣⏢⏢=0=0

××
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Then, dividing byThen, dividing by    on both sides gives us the on both sides gives us the cross-polarization componentcross-polarization component::22
  

hh == qq pp ++ pp qq hh××
11

22
ii jj ii jj

ijij

  
Okay, let's take a step back - we have some set of spatial metric componentsOkay, let's take a step back - we have some set of spatial metric components  , which , which hhijij

can essentially be anything (usually computed from the Einstein field equations). By our can essentially be anything (usually computed from the Einstein field equations). By our 

framework here, we can framework here, we can extractextract the plus- and cross-polarization components  the plus- and cross-polarization components   and and   hh++ hh××

directly from this arbitrary directly from this arbitrary  by contracting it with the wave frame basis like above. Once  by contracting it with the wave frame basis like above. Once hhijij

we know we know  and  and  (i.e., the two physical degrees of freedom of a gravitational plane  (i.e., the two physical degrees of freedom of a gravitational plane hh++ hh××

wave), we can build the full metric perturbation from them by the formula from earlier:wave), we can build the full metric perturbation from them by the formula from earlier:

  

hh == hh qq qq -- pp pp ++ hh qq pp ++ pp qq ==TTTT
ijij ++(( ii jj ii jj)) ××(( ii jj ii jj))

hh++ hh×× 00

hh×× --hh++ 00

00 00 00
  
We could even write the TT-perturbation directly by just plugging the above expressions We could even write the TT-perturbation directly by just plugging the above expressions 

for for  and  and   into here (note the replacement of the dummy indices into here (note the replacement of the dummy indices  with  with ):):hh++ hh×× ii,, jj mm,, nn
  

hhTTTT
ijij == qq qq -- pp pp hh qq qq -- pp pp ++ qq pp ++ pp qq hh qq pp ++ pp qq

11

22
mm nn mm nn

mnmn(( ii jj ii jj))
11

22
mm nn mm nn

mnmn(( ii jj ii jj))

  == qq qq -- pp pp qq qq -- pp pp ++ qq pp ++ pp qq qq pp ++ pp qq hh
11

22
mm nn mm nn (( ii jj ii jj))

mm nn mm nn (( ii jj ii jj)) mnmn

  
You might see this expression in the literatureYou might see this expression in the literature as the as the  transverse-traceless projectortransverse-traceless projector::
  

ΛΛ == qq qq -- pp pp qq qq -- pp pp ++ qq pp ++ pp qq qq pp ++ pp qqmnmn
ijij

11

22
mm nn mm nn (( ii jj ii jj))

mm nn mm nn (( ii jj ii jj))

  
Using this, the transverse-traceless perturbation is then directlyUsing this, the transverse-traceless perturbation is then directly  . This is . This is hh == ΛΛ hhTTTT

ijij
mnmn
ijij mnmn

really just a different (but equivalent) way of applying the really just a different (but equivalent) way of applying the transverse-traceless gaugetransverse-traceless gauge to to    hhijij

because the TT-projector satisfies because the TT-projector satisfies   andand   (the TT-gauge conditions). (the TT-gauge conditions).kk ΛΛ == 00ii mnmn
ijij 𝛿𝛿 ΛΛ == 00ijij mnmn

ijij
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We've now developed a more or less general framework for extracting the gravitational We've now developed a more or less general framework for extracting the gravitational 

wave part from any metric perturbation. We'll use this approach later in this lesson.wave part from any metric perturbation. We'll use this approach later in this lesson.

  

1. 1. Define the wave frameDefine the wave frame, meaning a basis , meaning a basis  where the wave propagation  where the wave propagation ,, ,,{{ ˆ̂qq ˆ̂pp ˆ̂kk}}

direction is direction is . There are many valid choices for the polarization basis . There are many valid choices for the polarization basis ..== // kkˆ̂kk kk ,,{{ ˆ̂qq ˆ̂pp}}
  

2. 2. Extract the plus- and cross-componentsExtract the plus- and cross-components from the general metric perturbation  from the general metric perturbation ::hhijij
  

hh == qq qq -- pp pp hh++
11

22
ii jj ii jj

ijij

hh == qq pp ++ pp qq hh××
11

22
ii jj ii jj

ijij

  
3. 3. If needed,If needed, the full gravitational wave metric can be constructed as: the full gravitational wave metric can be constructed as:

  

, with , with ..gg == 𝜂𝜂 ++ hh ==𝜇𝜈𝜇𝜈 𝜇𝜈𝜇𝜈
TTTT
𝜇𝜈𝜇𝜈

11 00 00 00
00 11 ++ hh++ hh×× 00

00 hh×× 11 -- hh++ 00

00 00 00 11

hh ==TTTT
𝜇𝜈𝜇𝜈

00 00 00 00
00 hh++ hh×× 00

00 hh×× --hh++ 00

00 00 00 00
  
You can also get the TT-metric directly from You can also get the TT-metric directly from . Usually, you'll want . Usually, you'll want hh == ΛΛ hhTTTT

ijij
mnmn
ijij mnmn

the the  and  and  components anyway, so the first method may be more practical. components anyway, so the first method may be more practical.hh++ hh××

  
  

  
Example: Extracting Transverse-Traceless Gravitational WavesExample: Extracting Transverse-Traceless Gravitational Waves

  
  
To put this procedure into more concrete terms, we can look at a simple example. To put this procedure into more concrete terms, we can look at a simple example. 

Let's say someone hands us a metric perturbation with spatial components of the form:Let's say someone hands us a metric perturbation with spatial components of the form:

  

, where , where ..hh == AA 𝜔t𝜔t -- kzkzijij ijij coscos(( )) AA ==ijij

AA1111 AA1212 AA1313

AA2121 AA2222 AA2323

AA3131 AA3232 AA3333
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This describes a "wave-like" perturbation propagating in theThis describes a "wave-like" perturbation propagating in the  -direction, however, we -direction, however, we 

don't know yet if it actually represents any physical gravitational wave. These are don't know yet if it actually represents any physical gravitational wave. These are 

contained in the transverse-traceless part of contained in the transverse-traceless part of , and this certainly contains a bunch of , and this certainly contains a bunch of 

additional junk. Our goal now is to extract those physical degrees of freedom from additional junk. Our goal now is to extract those physical degrees of freedom from 

this.this.

zz

hhijij

  

We can first see that the propagation direction is We can first see that the propagation direction is , so defining the polarization , so defining the polarization 

basisbasis   is a very natural choice for this problem. The components of  is a very natural choice for this problem. The components of 

our polarization basis vectors are now simplyour polarization basis vectors are now simply   and and  ..

==ˆ̂kk eezz

,, == ,,{{ ˆ̂qq ˆ̂pp}} {{eexx eeyy }}

qq == 11,, 00,, 00ii (( )) pp == 00,, 11,, 00ii (( ))
  
We can now extract the plus-polarization mode from our general We can now extract the plus-polarization mode from our general  as: as:hhijij
  

hh++ == qq qq -- pp pp hh
11

22
ii jj ii jj

ijij

  == qq qq -- pp pp hh ++ qq qq -- pp pp hh ++ qq qq -- pp pp hh ++ qq qq -- pp pp hh
11

22
11 11 11 11

1111
11 22 11 22

1212
22 11 22 11

2121
22 22 22 22

2222

  == AA --AA 𝜔t𝜔t -- kzkz
11

22
(( 1111 2222))coscos(( ))

  
Similarly, the cross-polarized mode would end up as:Similarly, the cross-polarized mode would end up as:
  

hh×× == qq pp ++ pp qq hh == AA 𝜔t𝜔t -- kzkz
11

22
ii jj ii jj

ijij 1212 coscos(( ))

  
So, our general So, our general   contains a whole bunch of different components, but the actual contains a whole bunch of different components, but the actual 

physical, gravitational wave part of it is given by:physical, gravitational wave part of it is given by:

hhijij

  

hh == ==TTTT
ijij

hh++ hh×× 00

hh×× --hh++ 00

00 00 00

𝜔t𝜔t -- kzkz
AA -- AA

22

1111 2222
coscos(( )) AA 𝜔t𝜔t -- kzkz1212 coscos(( )) 00

AA 𝜔t𝜔t -- kzkz1212 coscos(( )) -- 𝜔t𝜔t -- kzkz
AA -- AA

22

1111 2222
coscos(( )) 00

00 00 00
  
The general process is simple like this as long as we are able to construct the wave The general process is simple like this as long as we are able to construct the wave 

frame frame   in a usable way - that's really what all of this relies on.in a usable way - that's really what all of this relies on.,, ,,{{ ˆ̂qq ˆ̂pp ˆ̂kk}}
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5. 5. Sources of Gravitational WavesSources of Gravitational Waves

  
  
So far, we've seen how gravitational waves arise asSo far, we've seen how gravitational waves arise as vacuum solutions  vacuum solutions to the linearized to the linearized 

Einstein field equations. Their physical properties, such as their independent transverse Einstein field equations. Their physical properties, such as their independent transverse 

polarization modes, are ultimately revealed by imposing the polarization modes, are ultimately revealed by imposing the transverse-traceless gaugetransverse-traceless gauge..
  
The question now is, how are such waves created in the first place? Well, like any The question now is, how are such waves created in the first place? Well, like any 

gravitational field, gravitational waves are also produced by a matter distribution, so the gravitational field, gravitational waves are also produced by a matter distribution, so the 

next step would be to solve the field equations in the presence of a matter source.next step would be to solve the field equations in the presence of a matter source.

  
The plan for this section is as follows. First, we'll develop some intuition for the fact that The plan for this section is as follows. First, we'll develop some intuition for the fact that 

gravitational waves are produced by matter configurations with a gravitational waves are produced by matter configurations with a time-varyingtime-varying  
quadrupole moment. After that, we'll derive the quadrupole moment. After that, we'll derive the quadrupole formulaquadrupole formula as a solution to the  as a solution to the 

linearized Einstein's equations. It is what allows us to calculate gravitational waves from a linearized Einstein's equations. It is what allows us to calculate gravitational waves from a 

source in the source in the far-field regionfar-field region and and  connects the source connects the source  to the perturbation  to the perturbation ..TT𝜇𝜈𝜇𝜈 hhTTTT
𝜇𝜈𝜇𝜈

  

5.1. 5.1. How Are Gravitational Waves Produced?How Are Gravitational Waves Produced?

  
Gravitational waves are created by a Gravitational waves are created by a source source with some energy-momentum tensor with some energy-momentum tensor . For . For TT𝜇𝜈𝜇𝜈

gravitational waves specifically, we often assume the source itself to be gravitational waves specifically, we often assume the source itself to be non-relativisticnon-relativistic  
and contained inside a well-defined region (a so-called and contained inside a well-defined region (a so-called compact sourcecompact source). These types of ). These types of 

sources are mainly described by their sources are mainly described by their mass distributionmass distribution,,  , and its time derivatives., and its time derivatives.𝜌𝜌 xx,, tt(( ))
  
The idea then is that any mass distribution can be characterized by so-called The idea then is that any mass distribution can be characterized by so-called moments moments 

(the theoretical construct behind this is called a(the theoretical construct behind this is called a multipole expansion multipole expansion). These moments ). These moments 

represent higher-order represent higher-order correctionscorrections to the gravitational field, and each takes into account  to the gravitational field, and each takes into account 

the (possibly) asymmetric and uneven shape of the mass distributionthe (possibly) asymmetric and uneven shape of the mass distribution  ::𝜌𝜌 xx,, tt(( ))
  

• • The The monopole momentmonopole moment,,  , simply measures how much total mass , simply measures how much total mass MM ≡≡ 𝜌dV𝜌dV∭∭
(or rest energy) there is in the source region.(or rest energy) there is in the source region.

  

• • The The dipole momentdipole moment, , , is a vector quantity that describes how the , is a vector quantity that describes how the dd ≡≡ 𝜌x𝜌x dVdVii ∭∭ ii

mass is distributed along one direction. It'smass is distributed along one direction. It's the same thing as the  the same thing as the center of masscenter of mass..
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• • The The quadrupole momentquadrupole moment,,  , measures how much the mass , measures how much the mass QQ ≡≡ 𝜌x𝜌x xx dVdVijij ∭∭ ii jj

distribution deviates from spherical symmetry, so roughly how "elliptical" the distribution deviates from spherical symmetry, so roughly how "elliptical" the 

distribution is. A perfectly spherical mass distribution - e.g., a point charge - has distribution is. A perfectly spherical mass distribution - e.g., a point charge - has 

zero mass quadrupole moment (though this also depends on the choice of origin).zero mass quadrupole moment (though this also depends on the choice of origin).

  
So, if we have any arbitrary clump of matter described by So, if we have any arbitrary clump of matter described by  inside some region, its  inside some region, its 𝜌𝜌 xx,, tt(( ))

gravitational field can be written as a series expansion like "gravitational field can be written as a series expansion like " ": ": FieldField ∼∼ MM ++ dd ++ QQ ++ ......ii ijij
  

  
As far as where the names of these come from, they roughly describe the number of point As far as where the names of these come from, they roughly describe the number of point 

masses needed to construct the corresponding moment. So, masses needed to construct the corresponding moment. So, oneone point mass would  point mass would 

constitute a non-zero constitute a non-zero monomonopole moment, pole moment, twotwo masses likewise a non-zero  masses likewise a non-zero didipole moment pole moment 

and and fourfour masses arranged in the right way a non-zero  masses arranged in the right way a non-zero quadquadrupole moment:rupole moment:
  

Because the dipole moment of a mass distribution describes the center of mass, we could always make Because the dipole moment of a mass distribution describes the center of mass, we could always make 

it vanish mathematically by choosing our coordinate origin appropriately (the center-of-mass frame).it vanish mathematically by choosing our coordinate origin appropriately (the center-of-mass frame).
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Gravitational waves are fundamentally related to the Gravitational waves are fundamentally related to the quadrupole momentquadrupole moment as it captures  as it captures 

the "ellipticity" of a mass distribution, which is also how the polarizations of gravitational the "ellipticity" of a mass distribution, which is also how the polarizations of gravitational 

waves look like. The above are waves look like. The above are static static multipole configurations, but to produce waves, we multipole configurations, but to produce waves, we 

need something that changes with time - a need something that changes with time - a time-varyingtime-varying quadrupole moment. quadrupole moment.

  
In fact, the connection between quadrupole moments and gravitational waves is much In fact, the connection between quadrupole moments and gravitational waves is much 

more intuitive than many textbooks make it out to be. The polarization of a gravitational more intuitive than many textbooks make it out to be. The polarization of a gravitational 

wave is itself basically a wave is itself basically a time-varying quadrupolar patterntime-varying quadrupolar pattern. It stretches one direction . It stretches one direction 

while simultaneously squeezing another, which generates an while simultaneously squeezing another, which generates an asymmetryasymmetry between the between the

two directions. That is precisely what a quadrupole moment characterizes.two directions. That is precisely what a quadrupole moment characterizes.

  
What does a What does a time-varyingtime-varying quadrupole moment then look like? Well, there are many ways  quadrupole moment then look like? Well, there are many ways 

to generate one: for example, we could take the static quadrupole configuration shown to generate one: for example, we could take the static quadrupole configuration shown 

above and have the masses oscillate above and have the masses oscillate out of phaseout of phase. We could also take a mass dipole and . We could also take a mass dipole and 

make it spin. In both cases, there is now a quadrupole moment that changes with time:make it spin. In both cases, there is now a quadrupole moment that changes with time:
  

Notice how the first diagram already looks a lot like a plus-polarized gravitational wave? The second Notice how the first diagram already looks a lot like a plus-polarized gravitational wave? The second 

one, in fact, depicts a circularly polarized gravitational wave, which is essentially a rotating ellipse.one, in fact, depicts a circularly polarized gravitational wave, which is essentially a rotating ellipse.

  
So, to produce the plus- and cross-patterns of a gravitational wave, we need a So, to produce the plus- and cross-patterns of a gravitational wave, we need a source source 

whose quadrupole moment changes with timewhose quadrupole moment changes with time. Time-varying monopole or dipole . Time-varying monopole or dipole 

moments cannot generate an moments cannot generate an asymmetric asymmetric polarization pattern with simultaneous polarization pattern with simultaneous 

stretching and squeezing along stretching and squeezing along twotwo directions, which is what a gravitational wave requires.  directions, which is what a gravitational wave requires. 

There is, therefore,There is, therefore,  no monopole or dipole radiation in general relativity.no monopole or dipole radiation in general relativity.

  
In the following sections, we will ultimately derive a relationship between the In the following sections, we will ultimately derive a relationship between the transverse-transverse-

traceless traceless part of the metric perturbation and part of the metric perturbation and second time derivativessecond time derivatives of the quadrupole  of the quadrupole 

moment of a mass distribution,moment of a mass distribution,  , which is the so-called quadrupole formula., which is the so-called quadrupole formula.hh ∝∝
TTTT
ijij

␒␒␒␒QQijij
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5.2. 5.2. General Solution of The Linear Field EquationsGeneral Solution of The Linear Field Equations

  
If the sources of gravitational waves are taken into account, so If the sources of gravitational waves are taken into account, so , the linearized , the linearized TT ≠≠ 00𝜇𝜈𝜇𝜈

Einstein field equations in the Lorenz gauge have the form of a Einstein field equations in the Lorenz gauge have the form of a sourcedsourced wave equation: wave equation:

  

∂∂ ∂∂ hh == -- TT𝛼𝛼
𝛼𝛼

TRTR
𝜇𝜈𝜇𝜈

16𝜋G16𝜋G

cc44 𝜇𝜈𝜇𝜈

  
To find out how - or if - a mass distribution produces gravitational waves, we need to To find out how - or if - a mass distribution produces gravitational waves, we need to 

solve these equations. The nice thing is that there is a solve these equations. The nice thing is that there is a general solutiongeneral solution to them. At this  to them. At this 

point, I'll just tell you what this solution is and we can discuss its meaning thereafter:point, I'll just tell you what this solution is and we can discuss its meaning thereafter:

  

hh tt,, xx == dV'dV'TRTR
𝜇𝜈𝜇𝜈 (( ))

4G4G

cc44
∭∭TT tt -- -- '' // cc,, x'x'

-- ''

𝜇𝜈𝜇𝜈(( ||xx xx || ))

||xx xx ||

  
The way to "derive" this would be via Green's functions, which we won't cover further here. If you want The way to "derive" this would be via Green's functions, which we won't cover further here. If you want 

to learn more, my book Field Theory For The Non-Physicist covers them in greater detail.to learn more, my book Field Theory For The Non-Physicist covers them in greater detail.

  
Let's go over the key features of this. First, it's given by a Let's go over the key features of this. First, it's given by a volume integralvolume integral over the source  over the source 

region, which is denoted in the integration variable region, which is denoted in the integration variable . You can think of the source . You can think of the source x'x'

consisting of many point sources, each located at consisting of many point sources, each located at  and with energy-momentum tensor  and with energy-momentum tensor x'x'
evaluated at that point, evaluated at that point, . Each source point produces a contribution that scales. Each source point produces a contribution that scales  TT ...,..., x'x'𝜇𝜈𝜇𝜈(( ))

inversely with distanceinversely with distance to that source point. This is encapsulated in the factor  to that source point. This is encapsulated in the factor ..11 // -- ''||xx xx ||
  
The time-dependence appears in the form The time-dependence appears in the form . We saw a similar expression for . We saw a similar expression for tt -- -- '' // cc||xx xx ||
the vacuum wave solutions,the vacuum wave solutions,  , which, intuitively, represents a, which, intuitively, represents a time  time 𝜔t𝜔t -- kzkz == 𝜔𝜔 tt -- zz // cc(( ))
delay delay due to the finite propagation speed of any gravitational effect. The gravitational due to the finite propagation speed of any gravitational effect. The gravitational 

field produced by a source point located at field produced by a source point located at  only "appears" at the observation point  only "appears" at the observation point  a  a x'x' xx
time time   later. This is later. This is localitylocality built directly into the field equation: changes in  built directly into the field equation: changes in ΔtΔt == -- '' // cc||xx xx ||

the gravitational field are the gravitational field are notnot instantaneous, but propagate at the (finite!) speed of light instantaneous, but propagate at the (finite!) speed of light  ..cc
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One noteworthy point is that this solution relies on theOne noteworthy point is that this solution relies on the linearity linearity of the field equations,  of the field equations, 

meaning the total gravitational field can be obtained by summing up the contributions meaning the total gravitational field can be obtained by summing up the contributions 

from each point source. This only works because we're working under from each point source. This only works because we're working under linearizedlinearized gravity,  gravity, 

not the full not the full non-linearnon-linear general relativity. An explicit solution like this is a very special thing. general relativity. An explicit solution like this is a very special thing.

  
Unfortunately, the solution as written above is still quite complicated to do much with Unfortunately, the solution as written above is still quite complicated to do much with 

analytically. To make progress, we'll apply something called the analytically. To make progress, we'll apply something called the far-field approximationfar-field approximation  
(this term is quite commonly used in antenna theory, though it's appropriate here too). It (this term is quite commonly used in antenna theory, though it's appropriate here too). It 

assumes that our observation point is very far from the source region, which is actually assumes that our observation point is very far from the source region, which is actually 

very reasonable as any gravitational waves we're able to detect come from sources many very reasonable as any gravitational waves we're able to detect come from sources many 

millions of light years away. By any estimate, that can be assumed being "far away".millions of light years away. By any estimate, that can be assumed being "far away".

  
Mathematically, the far-field approximation setsMathematically, the far-field approximation sets  , in which case the factor , in which case the factor ≫≫ ''||xx|| ||xx ||

 can be approximated as  can be approximated as . This basically means that from very far . This basically means that from very far -- ''||xx xx || -- '' ≈≈||xx xx || ||xx||
away, the source just looks like a "blob" approximately localized at the origin. Denoting away, the source just looks like a "blob" approximately localized at the origin. Denoting 

 as the distance from the source ( as the distance from the source ( origin) to our observation point, our solution origin) to our observation point, our solution ≡≡ rr||xx|| ≈≈
now takes the following form (now takes the following form (  can be brought outside as it's not part of the integral): can be brought outside as it's not part of the integral):rr
  

hh tt,, xx ≈≈ TT tt -- rr // cc,, xx'' dV'dV'TRTR
𝜇𝜈𝜇𝜈 (( ))

4G4G

cc rr44
∭∭ 𝜇𝜈𝜇𝜈(( ))

  
The far-field approximation also ensures we are in a vacuum far from any matter sources. The far-field approximation also ensures we are in a vacuum far from any matter sources. 

Therefore, the perturbationTherefore, the perturbation    shown here represents a shown here represents a vacuum solutionvacuum solution..hhTRTR
𝜇𝜈𝜇𝜈
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The idea is that our source, defined byThe idea is that our source, defined by  , produces a gravitational field , produces a gravitational field everywhereeverywhere, and , and TT𝜇𝜈𝜇𝜈

that field that field far outsidefar outside the source can be calculated from what lies inside the source region  the source can be calculated from what lies inside the source region 

by the above integral. This is how we connect gravitational waves to what produces them.by the above integral. This is how we connect gravitational waves to what produces them.

  

About higher-order correctionsAbout higher-order corrections:: while the far-field approximation is valid in most  while the far-field approximation is valid in most 

practical scenarios, it's still an approximation, so there are corrections to it. What do practical scenarios, it's still an approximation, so there are corrections to it. What do 

these corrections look like? The key idea, as with almost anything in physics, is to these corrections look like? The key idea, as with almost anything in physics, is to 

Taylor-expandTaylor-expand. The quantity . The quantity  is a vector length, which can be calculated as: is a vector length, which can be calculated as:-- ''||xx xx ||
  

-- '' == == == rr||xx xx || -- '' ·· -- ''((xx xx )) ((xx xx )) rr -- 22 ·· '' ++ ''22 xx xx ||xx || 22 11 -- ++
22 ·· ''

rr

xx xx
22

''

rr

||xx || 22

22

  
Here, Here,  and  and  are just the usual definitions of vector length. are just the usual definitions of vector length.== ·· == rr||xx|| 22 xx xx 22 '' == '' ·· ''||xx || 22 xx xx
  
Now, the most significant correction comes from the termNow, the most significant correction comes from the term  , as this is on the , as this is on the 

order oforder of . The other term, . The other term,  is  is tinytiny in comparison when  in comparison when   is even is even 

somewhat large. So, we can drop thissomewhat large. So, we can drop this term and write: term and write:

22 ·· '' // rrxx xx 22

∼∼ '' // rr||xx || '' // rr||xx || 22 22 rr

  

-- '' ≈≈ rr||xx xx || 11 --
22 ·· ''

rr

xx xx
22

  
Before any further Taylor-expansions, note that the factor Before any further Taylor-expansions, note that the factor   appears in two appears in two 

different places in our source integral: in the denominator in the integral and also in different places in our source integral: in the denominator in the integral and also in 

the time-dependence of the time-dependence of . This is important because the series expansion for these . This is important because the series expansion for these 

scale differently with scale differently with , namely by, namely by   and  and ::

-- ''||xx xx ||

TT𝜇𝜈𝜇𝜈

rr 11 ++ xx ≈≈ 11 -- xx // 22(( ))-1/2-1/2 11 ++ xx ≈≈ 11 ++ xx // 22(( ))1/21/2

  

-- '' == rr ≈≈ rr 11 -- == rr --||xx xx || 11 --
22 ·· ''

rr

xx xx
22

11

22

22 ·· ''

rr

xx xx
22

·· ''

rr
xx xx

== ≈≈ 11 ++ == ++
11

-- ''||xx xx ||

11

rr 11 --
22 ·· ''

rr

xx xx
22

11

rr
11

22

22 ·· ''

rr

xx xx
22

11

rr
·· ''

rr

xx xx
33
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We can see that the first higher-order correction in We can see that the first higher-order correction in   is on the orderis on the order , , 
which again is tiny compared to thewhich again is tiny compared to the  -term in -term in . A good approximation that . A good approximation that 

incorporates the next most important correction is given by takingincorporates the next most important correction is given by taking  , , 
butbut   in the "time delay" term: in the "time delay" term:

11 // -- ''||xx xx || ∼∼ rr-3-3

rr-1-1 -- ''||xx xx ||

11 // -- '' ≈≈ 11 // rr||xx xx ||

-- '' ≈≈ rr -- ·· '' // rr||xx xx || xx xx
  
  

hhTRTR
𝜇𝜈𝜇𝜈 == dV'dV' ≈≈ TT tt -- ++ ,, x'x' dV'dV'

4G4G

cc44
∭∭TT tt -- -- '' // cc,, x'x'

-- ''

𝜇𝜈𝜇𝜈(( ||xx xx || ))

||xx xx ||

4G4G

cc rr44
∭∭ 𝜇𝜈𝜇𝜈

rr
cc

·· ''

rcrc
xx xx

  
We're not done yet. The term We're not done yet. The term  is still generally small compared to  is still generally small compared to , so we , so we 

can do another Taylor expansion. If we have some function can do another Taylor expansion. If we have some function  and we add a small  and we add a small 

number number  to its input argument, then to first order, the function can be expanded as: to its input argument, then to first order, the function can be expanded as:

·· '' // rcrcxx xx rr // cc
ff zz(( ))

ΔzΔz
  

ff zz ++ ΔzΔz ≈≈ ff zz ++ ΔzΔz(( )) (( ))
dfdf
dzdz

  
For this energy-momentum tensor, we replace For this energy-momentum tensor, we replace , ,  and  and 

, such that:, such that:

z z  t t -- rr // cc→→ Δz Δz   ·· '' // rcrc→→ xx xx
dd // dz dz  ∂ ∂ // ∂t∂t→→

  

TT tt -- ++ ,, x'x' ≈≈ TT tt -- ,, x'x' ++𝜇𝜈𝜇𝜈
rr
cc

·· ''

rcrc
xx xx

𝜇𝜈𝜇𝜈
rr
cc

∂T∂T

∂t∂t
𝜇𝜈𝜇𝜈

t-r/ct-r/c

·· ''

rcrc
xx xx

  
We can suppress the arguments of these for now, but just note that everything should We can suppress the arguments of these for now, but just note that everything should 

be evaluated at the spacetime point be evaluated at the spacetime point . This gives us then:. This gives us then:tt -- rr // cc,, x'x'(( ))
  

hhTRTR
𝜇𝜈𝜇𝜈 ≈≈ TT ++ dV'dV'

4G4G

cc rr44
∭∭ 𝜇𝜈𝜇𝜈

∂T∂T

∂t∂t
𝜇𝜈𝜇𝜈 ·· ''

rcrc
xx xx

  == TT dV'dV' ++ TT ·· 'dV''dV'
4G4G

cc rr44
∭∭ 𝜇𝜈𝜇𝜈

4G4G

cc rr55 22

dd
dtdt
∭∭ 𝜇𝜈𝜇𝜈xx xx

  
The second term here represents the first higher-order correction to the metric. The The second term here represents the first higher-order correction to the metric. The 

integral has a factor integral has a factor , which roughly accounts for , which roughly accounts for shape variationsshape variations across  across 

different parts of the source. These each contribute to the gravitational field at slightly different parts of the source. These each contribute to the gravitational field at slightly 

different times, and the total delay effect appears as a time derivative.different times, and the total delay effect appears as a time derivative.

·· ''xx xx
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5.3. 5.3. The Quadrupole FormulaThe Quadrupole Formula

  
We now have the general far-field solution to the linearized field equations expressed as We now have the general far-field solution to the linearized field equations expressed as 

an integral over the energy-momentum tensor. In principle, we can use it to calculate the an integral over the energy-momentum tensor. In principle, we can use it to calculate the 

gravitational field produced by any source object. Still, to actually calculate the metric gravitational field produced by any source object. Still, to actually calculate the metric 

from it, we would have to know all components of the energy-momentum tensor:from it, we would have to know all components of the energy-momentum tensor:

  

hh == TT dVdV,,     h    h == TT dVdV,,     h    h == TT dVdVTRTR
0000

4G4G

cc rr44
∭∭ 0000

TRTR
0i0i

4G4G

cc rr44
∭∭ 0i0i

TRTR
ijij

4G4G

cc rr44
∭∭ ijij

  
Note: we've replaced Note: we've replaced  (i.e.  (i.e.  with  with ) to make the notation a bit less cluttered.) to make the notation a bit less cluttered.dV' dV'  dV dV→→ dd x'x'33 dd xx33

  
In practical scenarios, we often don't have this much information about the source. For In practical scenarios, we often don't have this much information about the source. For 

example, we might only know its mass (example, we might only know its mass ( ) through astronomical observations but not ) through astronomical observations but not TT0000

much about its internal structure like internal pressure, stresses or momentum flux (much about its internal structure like internal pressure, stresses or momentum flux ( ).).TTijij

  
Luckily, there exists a useful result known as the Luckily, there exists a useful result known as the tensor virial theoremtensor virial theorem, which states that , which states that 

for for isolated isolated sources, integrals of the momentum density and flux components,sources, integrals of the momentum density and flux components,   and  and , , TT0i0i TTijij

can be calculated from can be calculated from time derivativestime derivatives of integrals involving  of integrals involving  and coordinates  and coordinates ::TT0000 xxii

  

TT dVdV == -- TT xx dVdV∭∭ 0i0i
11

cc
dd
dtdt
∭∭ 0000 ii

TT dVdV == TT xx xx dVdV∭∭ ijij
11

2c2c22

dd

dtdt

22

22
∭∭ 0000 ii jj

  

  
Derivation of The Tensor Virial TheoremDerivation of The Tensor Virial Theorem

  
  
Deriving the tensor virial theorem is not too difficult but it does rely on a few tricks Deriving the tensor virial theorem is not too difficult but it does rely on a few tricks 

that seem a bit obscure at first. The starting point is to consider the divergence of the that seem a bit obscure at first. The starting point is to consider the divergence of the 

quantityquantity  , which can be calculated with use of the product rule:, which can be calculated with use of the product rule:TT xx xxkmkm ii jj
  
∂∂ TT xx xx == ∂∂ TT xx xx ++ TT ∂∂ xx xx == ∂∂ TT xx xx ++ TT ∂∂ xx xx ++ TT xx ∂∂ xxmm(( kmkm ii jj))

mm
kmkm ii jj kmkm

mm(( ii jj))
mm

kmkm ii jj kmkm
mm

ii jj kmkm ii
mm

jj
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These partial derivatives of coordinates give us Kronecker deltas, by definition:These partial derivatives of coordinates give us Kronecker deltas, by definition:

  

∂∂ xx == == 𝛿𝛿mm
ii

∂x∂x

∂x∂x
ii

mm

mm
ii

  
Our expression above then becomes:Our expression above then becomes:

  
∂∂ TT xx xxmm(( kmkm ii jj)) == ∂∂ TT xx xx ++ TT ∂∂ xx xx ++ TT xx ∂∂ xxmm

kmkm ii jj kmkm
mm

ii jj kmkm ii
mm

jj

  == ∂∂ TT xx xx ++ TT 𝛿𝛿 xx ++ TT xx 𝛿𝛿mm
kmkm ii jj kmkm

mm
ii jj kmkm ii

mm
jj

  == ∂∂ TT xx xx ++ TT xx ++ TT xxmm
kmkm ii jj kiki jj kjkj ii

  
Next, we'll take another divergence of this, which by similar steps gives:Next, we'll take another divergence of this, which by similar steps gives:

  
∂∂ ∂∂ TT xx xxkk mm(( kmkm ii jj)) == ∂∂ ∂∂ TT xx xx ++ ∂∂ TT xx ++ ∂∂ TT xxkk mm

kmkm ii jj
kk(( kiki jj))

kk(( kjkj ii))

  == ∂∂ ∂∂ TT xx xx ++ ∂∂ TT ∂∂ xx xx ++ xx ∂∂ xx ++ ∂∂ TT xx ++ TT ∂∂ xxkk mm
kmkm ii jj

mm
kmkm

kk
ii jj ii

kk
jj

kk
kiki jj kiki

kk
jj

          ++∂∂ TT xx ++ TT ∂∂ xxkk
kjkj ii kjkj

kk
ii

  == ∂∂ ∂∂ TT xx xx ++ ∂∂ TT 𝛿𝛿 xx ++ xx 𝛿𝛿 ++ ∂∂ TT xx ++ TT 𝛿𝛿kk mm
kmkm ii jj

mm
kmkm

kk
ii jj ii

kk
jj

kk
kiki jj kiki

kk
jj

          ++∂∂ TT xx ++ TT 𝛿𝛿kk
kjkj ii kjkj

kk
ii

  == ∂∂ ∂∂ TT xx xx ++ ∂∂ TT xx ++ ∂∂ TT xx ++ ∂∂ TT xx ++ TT ++ ∂∂ TT xx ++ TTkk mm
kmkm ii jj

mm
imim jj

mm
jmjm ii

kk
kiki jj jiji

kk
kjkj ii ijij

  
Because the energy-momentum tensor is symmetric,Because the energy-momentum tensor is symmetric,  . We can also relabel . We can also relabel 

the dummy index the dummy index  to to    on the second and third terms, so that these terms combine on the second and third terms, so that these terms combine 

with the fourth and the sixth terms. We're then left with:with the fourth and the sixth terms. We're then left with:

TT == TTjiji ijij

mm kk

  
∂∂ ∂∂ TT xx xx == ∂∂ ∂∂ TT xx xx ++ 22∂∂ TT xx ++ 2∂2∂ TT xx ++ 2T2Tkk mm(( kmkm ii jj))

kk mm
kmkm ii jj

kk
kiki jj

kk
kjkj ii ijij

  
Now, one more product rule trick - the second and third terms can be written as:Now, one more product rule trick - the second and third terms can be written as:

  
∂∂ TT xx == ∂∂ TT xx -- TTkk

kiki jj
kk(( kiki jj)) jiji

∂∂ TT xx == ∂∂ TT xx -- TTkk
kjkj ii

kk(( kjkj ii)) ijij
  
You can verify these hold by writing out the derivatives on the right.You can verify these hold by writing out the derivatives on the right.
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Using these, we can write the quantityUsing these, we can write the quantity   in the form: in the form:∂∂ ∂∂ TT xx xxkk mm(( kmkm ii jj))
  

∂∂ ∂∂ TT xx xxkk mm(( kmkm ii jj)) == ∂∂ ∂∂ TT xx xx ++ 22 ∂∂ TT xx -- TT ++ 22 ∂∂ TT xx -- TT ++ 2T2Tkk mm
kmkm ii jj

kk(( kiki jj)) jiji
kk(( kjkj ii)) ijij ijij

  == ∂∂ ∂∂ TT xx xx ++ 2∂2∂ TT xx ++ 2∂2∂ TT xx -- 2T2Tkk mm
kmkm ii jj

kk(( kiki jj))
kk(( kjkj ii)) ijij

  == ∂∂ ∂∂ TT xx xx ++ 2∂2∂ TT xx ++ TT xx -- 2T2Tkk mm
kmkm ii jj

kk(( kiki jj kjkj ii)) ijij

  
The point of all of this is to rewrite the volume integral of The point of all of this is to rewrite the volume integral of , so we can solve this to , so we can solve this to 

get an alternative expression for get an alternative expression for  and then take the volume integral on both sides: and then take the volume integral on both sides:

TTijij

TTijij

  

TT dVdV == ∂∂ ∂∂ TT xx xx dVdV ++ ∂∂ TT xx ++ TT xx -- ∂∂ TT xx xx dVdV∭∭ ijij
11

22
∭∭ kk mm

kmkm ii jj ∭∭ kk
kiki jj kjkj ii

11

22
mm(( kmkm ii jj))

  
The second term on the right is aThe second term on the right is a  total divergencetotal divergence. The . The divergence theoremdivergence theorem states  states 

that the volume integral of a divergence can be written as a surface integral over the that the volume integral of a divergence can be written as a surface integral over the 

boundaryboundary, so if we denote, so if we denote  , the second term is:, the second term is:AA == TT xx ++ TT xx -- ∂∂ TT xx xx // 22kijkij kiki jj kjkj ii
mm(( kmkm ii jj))

  

∂∂ AA dVdV == AA nn dSdS∭∭ kk
kijkij ∯∯ kijkij

kk

  
Our volume integral here is taken over the source region, and we're assuming that Our volume integral here is taken over the source region, and we're assuming that 

whatever that source region is, all energy and momentum is contained inside it. If whatever that source region is, all energy and momentum is contained inside it. If 

nothing leaves the source region, the energy-momentum tensor should itself go to nothing leaves the source region, the energy-momentum tensor should itself go to 

zero at the boundary (meaningzero at the boundary (meaning   as we approach the boundary of our  as we approach the boundary of our 

source region). Therefore, this surface term should be zero and we're left with:source region). Therefore, this surface term should be zero and we're left with:

AA ∝∝ TT    0 0kijkij kiki →→

  

TT dVdV == ∂∂ ∂∂ TT xx xx dVdV∭∭ ijij
11

22
∭∭ kk mm

kmkm ii jj

  
There is one last step we need to do, and that is to use the conservation of the energy-There is one last step we need to do, and that is to use the conservation of the energy-

momentum tensor, momentum tensor, . This can be split into two equations, one for . This can be split into two equations, one for   
and another for and another for   (which itself is really three equations). For both equations, we (which itself is really three equations). For both equations, we 

can write out the summations over the dummy index can write out the summations over the dummy index  in the following form: in the following form:

∂∂ TT == 00𝜇𝜇
𝜇𝜈𝜇𝜈 𝜈𝜈 == 00

𝜈𝜈 == ii
𝜇𝜇

  

    ⇒⇒     
∂∂ TT == ∂∂ TT ++ ∂∂ TT == 00𝜇𝜇

𝜇𝜇00
00

0000
ii

ii00

∂∂ TT == ∂∂ TT ++ ∂∂ TT == 00𝜇𝜇
𝜇𝜇ii

00
00ii

kk
kkii

∂∂ TT == -- ∂∂ TT00
0000

ii
i0i0

∂∂ TT == -- ∂∂ TT00
0i0i

kk
kiki
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Taking theTaking the  -derivative of the second equation and inserting it into the first equation:-derivative of the second equation and inserting it into the first equation:∂∂ii

  
∂∂ ∂∂ TT == -- ∂∂ ∂∂ TTii 00

0i0i
ii kk

kiki

⇒⇒     ∂∂ == -- ∂∂ ∂∂ TT00
∂∂ TTii 0i0i
⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢-∂-∂ TT00

0000

ii kk
kiki

⇒⇒     ∂∂ ∂∂ TT == ∂∂ ∂∂ TT00 00
0000

ii kk
kiki

  
So, energy-momentum conservation allows us to rewrite the "double-divergence" of So, energy-momentum conservation allows us to rewrite the "double-divergence" of 

  in terms of the second time derivative of in terms of the second time derivative of . Our relation above then becomes:. Our relation above then becomes:TTkmkm TT0000

  

TT dVdV == ∂∂ ∂∂ TT xx xx dVdV == ∂∂ ∂∂ TT xx xx dVdV∭∭ ijij
11

22
∭∭ kk mm

kmkm ii jj
11

22
∭∭ 00 00

0000 ii jj

  
The last thing to do is to write The last thing to do is to write  and move the partial derivatives outside  and move the partial derivatives outside 

the integral to become total derivatives (this is allowed because we assume the the integral to become total derivatives (this is allowed because we assume the 

integration variables themselves do not depend on time). The final result is:integration variables themselves do not depend on time). The final result is:

∂∂ ∂∂ == ∂∂ // cc00 00 22
tt

22

  

TT dVdV == TT xx xx dVdV∭∭ ijij
11

2c2c22

dd

dtdt

22

22
∭∭ 0000 ii jj

  
Similarly, we can use energy-momentum conservation on Similarly, we can use energy-momentum conservation on   
to write to write , and then integrate both sides:, and then integrate both sides:

∂∂ TT xx == ∂∂ TT xx ++ TTjj(( 0j0j ii))
jj

0j0j ii 0i0i

∂∂ TT == -- ∂∂ TT == cc ∂∂ TTjj
j0j0

00
0000

-1-1
tt 0000

  
∂∂ TT xx == ∂∂ TT xx ++ TTjj(( 0j0j ii))

jj
0j0j ii 0i0i

⇒⇒     ∂∂ TT xx dVdV == ∂∂ TT xx dVdV ++ TT dVdV∭∭ jj(( 0j0j ii)) ∭∭11

cc
tt 0000 ii ∭∭ 0i0i

⇒⇒     TT xx nn dSdS == TT xx dVdV ++ TT dVdV∯∯ 0j0j ii
jj 11

cc
dd
dtdt
∭∭ 0000 ii ∭∭ 0i0i

  
The surface integral on the left (which comes from the divergence theorem again) The surface integral on the left (which comes from the divergence theorem again) 

should vanish by the same logic as earlier, so that:should vanish by the same logic as earlier, so that:

  

TT dVdV == -- TT xx dVdV∭∭ 0i0i
11

cc
dd
dtdt
∭∭ 0000 ii
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The useful thing about the tensor virial theorem relations is that they allow us to write The useful thing about the tensor virial theorem relations is that they allow us to write 

integrals over the source region integrals over the source region only in terms ofonly in terms of  , which is arguably the simplest , which is arguably the simplest TT0000

energy-momentum tensor component. Consequently, we can then write the components energy-momentum tensor component. Consequently, we can then write the components 

 of our solution to the linearized field equations also completely in terms of  of our solution to the linearized field equations also completely in terms of ::hhTRTR
𝜇𝜈𝜇𝜈 TT0000

  

hh == TT dVdV,,    h   h == -- TT xx dVdV,,    h   h == TT xx xx dVdVTRTR
0000

4G4G

cc rr44
∭∭ 0000

TRTR
0i0i

4G4G

cc rr55

dd
dtdt
∭∭ 0000 ii

TRTR
ijij

2G2G

cc rr66

dd

dtdt

22

22
∭∭ 0000 ii jj

  
For non-relativistic (weak and slowly moving) matter, we can take For non-relativistic (weak and slowly moving) matter, we can take . This gives . This gives TT ≈≈ 𝜌c𝜌c0000

22

the metric components in terms of the the metric components in terms of the monopolemonopole, , dipoledipole and  and quadrupole momentsquadrupole moments::
  

hh == 𝜌c𝜌c dVdV ≡≡TRTR
0000

4G4G

cc rr44
∭∭ 22 4GM4GM

cc rr22
  

hh == -- 𝜌c𝜌c xx dVdV ≡≡ --TRTR
0i0i

4G4G

cc rr55

dd
dtdt
∭∭ 22

ii
4G4G

cc rr33
␒␒ddii   

hh == 𝜌c𝜌c xx xx dVdV ≡≡TRTR
ijij

2G2G

cc rr66

dd

dtdt

22

22
∭∭ 22

ii jj
2G2G

cc rr44
␒␒␒␒QQijij   

  
The dots here are short-hand for time derivatives, meaning The dots here are short-hand for time derivatives, meaning  and  and ..== dddd // dtdt␒␒ddii ii == dd QQ // dtdt␒␒␒␒QQijij

22
ijij

22

  
Remember what we discussed earlier - only aRemember what we discussed earlier - only a time-varying quadrupole moment time-varying quadrupole moment  
radiates gravitational waves. The monopole moment radiates gravitational waves. The monopole moment  (= total mass) should be constant  (= total mass) should be constant MM
in a closed system and the dipole moment in a closed system and the dipole moment   can be made to vanish by an appropriate can be made to vanish by an appropriate ddii

reference frame choice, so neitherreference frame choice, so neither   or  or  contain any physical gravitational waves. contain any physical gravitational waves.hhTRTR
0000 hhTRTR

0i0i

  
If gravitational waves are all we care about, we should next apply the If gravitational waves are all we care about, we should next apply the transverse-traceless transverse-traceless 

gaugegauge, which keeps the , which keeps the radiativeradiative components but sets everything else to zero. Our  components but sets everything else to zero. Our 

solution here is in the far-field, so the transverse-traceless gauge should be valid. In that solution here is in the far-field, so the transverse-traceless gauge should be valid. In that 

case, applying it setscase, applying it sets  ,, and our solution becomes completely specified by  and our solution becomes completely specified by ..hh == 00TTTT
0𝜇0𝜇 hhTTTT

ijij

  
How do now we get the How do now we get the transverse-tracelesstransverse-traceless part  part  from our solution written in terms of  from our solution written in terms of hhTTTT

ijij

the the trace-reversedtrace-reversed perturbation? We can do so by the approach developed earlier: first, we  perturbation? We can do so by the approach developed earlier: first, we 

set up a set up a wave framewave frame  , which also defines the transverse-traceless projector, which also defines the transverse-traceless projector  ..,, ,,{{ ˆ̂qq ˆ̂pp ˆ̂kk}} ΛΛmnmn
ijij
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Then, by acting with the TT-projector on the Then, by acting with the TT-projector on the trace-reversed perturbationtrace-reversed perturbation, we'll get the , we'll get the 

transverse-traceless perturbationtransverse-traceless perturbation  . This gives us the . This gives us the quadrupole formulaquadrupole formula::hh == ΛΛ hhTTTT
ijij

mnmn
ijij

TRTR
mnmn

  

, where, where  ..hh == ΛΛ tt -- rr // ccTTTT
ijij

2G2G

cc rr44

mnmn
ijij ␒␒␒␒QQijij(( )) QQ == 𝜌x𝜌x xx dVdVijij ∭∭ ii jj

  
Reminder: Reminder: ..ΛΛ == qq qq -- pp pp qq qq -- pp pp ++ qq pp ++ pp qq qq pp ++ pp qqmnmn

ijij
11

22
mm nn mm nn (( ii jj ii jj)) 11

22
mm nn mm nn (( ii jj ii jj))

  
This very well-known formula allows us to calculate the gravitational waves produced from This very well-known formula allows us to calculate the gravitational waves produced from 

any source in the far-field region. It puts our earlier reasoning of why a time-varying any source in the far-field region. It puts our earlier reasoning of why a time-varying 

quadrupole moment radiates into mathematical terms. If we know the mass distributionquadrupole moment radiates into mathematical terms. If we know the mass distribution

 of our source region, we can calculate how it radiates out gravitational waves! of our source region, we can calculate how it radiates out gravitational waves!𝜌𝜌
  
In practice, we'll often want the In practice, we'll often want the two polarization components two polarization components as well. The quadrupole as well. The quadrupole 

formula can be equivalently written as formula can be equivalently written as two two equations for the plus- and cross-components equations for the plus- and cross-components 

by usingby using   and  and  from earlier: from earlier:hh == qq qq -- pp pp hh++
11

22
ii jj ii jj TRTR

ijij hh == qq pp ++ pp qq hh××
11

22
ii jj ii jj TRTR

ijij

  

hh == qq qq -- pp pp tt -- rr // cc++
GG

cc rr44
ii jj ii jj ␒␒␒␒QQijij(( ))

  

hh == qq pp ++ pp qq tt -- rr // cc××
GG

cc rr44
ii jj ii jj ␒␒␒␒QQijij(( ))

  
These expressions describe how any source configuration radiates the two characteristic These expressions describe how any source configuration radiates the two characteristic 

polarization modes,polarization modes,   and and  . They allow us to directly calculate these (with respect to . They allow us to directly calculate these (with respect to hh++ hh××

our choice of the polarization basis our choice of the polarization basis ) from essentially just the mass distribution.) from essentially just the mass distribution.,,{{ ˆ̂qq ˆ̂pp}}
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    How To Calculate Gravitational Waves From a SourceHow To Calculate Gravitational Waves From a Source

  

1. 1. Write down the mass density functionWrite down the mass density function,,  . For a source consisting . For a source consisting 

of discrete masses (e.g., binary stars), you'll need the positions of each mass.of discrete masses (e.g., binary stars), you'll need the positions of each mass.

𝜌𝜌 == 𝜌𝜌 tt,, xx(( ))

  
2. 2. Calculate the quadrupole momentCalculate the quadrupole moment from the volume integral: from the volume integral:

  

QQ == 𝜌x𝜌x xx dVdVijij ∭∭ ii jj

  
3. 3. Take the second time derivativeTake the second time derivative  of the quadrupole moment and evaluate of the quadrupole moment and evaluate 

it at the retarded timeit at the retarded time,,  , which gives you, which gives you  . This is the step . This is the step 

that gives the "wave-like" behaviour,that gives the "wave-like" behaviour,  ..

tt -- rr // cc tt -- rr // cc␒␒␒␒QQijij(( ))

tt -- rr // cc ∼∼ ff 𝜔t𝜔t -- krkr␒␒␒␒QQijij(( )) (( ))
  

4. 4. Define a wave frameDefine a wave frame, meaning a basis, meaning a basis   based on the wave  based on the wave 

propagation directionpropagation direction  . In the far-field region, the propagation . In the far-field region, the propagation 

directiondirection   is always radially outward from the origin. is always radially outward from the origin.

,, ,,{{ ˆ̂qq ˆ̂pp ˆ̂kk}}

== // kkˆ̂kk kk
ˆ̂kk

  
5. 5. Calculate the characteristic polarization componentsCalculate the characteristic polarization components of the produced waves: of the produced waves:

  

hh == qq qq -- pp pp tt -- rr // cc++
GG

cc rr44
ii jj ii jj ␒␒␒␒QQijij(( ))

hh == qq pp ++ pp qq tt -- rr // cc××
GG

cc rr44
ii jj ii jj ␒␒␒␒QQijij(( ))

  
Equivalently, you can also use the full Equivalently, you can also use the full quadrupole formulaquadrupole formula::
  

hh == ΛΛ tt -- rr // ccTTTT
ijij

2G2G

cc rr44
mnmn
ijij

␒␒␒␒QQijij(( ))
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5.4. 5.4. Example: Binary Star SystemsExample: Binary Star Systems

  
To finish our discussion of gravitational waves, we'll work out a full example. One of the To finish our discussion of gravitational waves, we'll work out a full example. One of the 

simplest systems that can produce gravitational waves is a simplest systems that can produce gravitational waves is a binary mass systembinary mass system: two : two 

masses (e.g., stars) orbiting each other around a common center of mass. Such a system masses (e.g., stars) orbiting each other around a common center of mass. Such a system 

has a time-varying quadrupole moment, and can therefore radiate gravitational waves.has a time-varying quadrupole moment, and can therefore radiate gravitational waves.

  
For this example, we'll take two masses For this example, we'll take two masses  and  and   both in both in circular orbitscircular orbits. We can place . We can place mm11 mm22

this system in thethis system in the  -plane and denote the positions of the masses-plane and denote the positions of the masses    andand  . The . The xyxy ttrr
11
(( )) ttrr

22
(( ))

masses orbit a common center of mass, ormasses orbit a common center of mass, or barycenter barycenter (closer to the larger mass), the  (closer to the larger mass), the 

position of which we'll denote position of which we'll denote . The separation of the masses is. The separation of the masses is  ::ttRR(( )) tt == tt -- ttrr(( )) rr
11
(( )) rr

22
(( ))

  

  
This problem is basically a special case of the more general This problem is basically a special case of the more general two-body problemtwo-body problem. We'll . We'll 

need just one result from theory of the two-body problem, which is that the positions of need just one result from theory of the two-body problem, which is that the positions of 

the two masses can be written in terms of the center of mass positionthe two masses can be written in terms of the center of mass position   - which is  - which is ttRR(( ))

equal to the dipole moment, in fact - and the separation between the bodies,equal to the dipole moment, in fact - and the separation between the bodies,  , as:, as:ttrr(( ))
  

, where , where  is the total mass. is the total mass.

tt == tt ++ ttrr11(( )) RR(( ))
mm

MM
22
rr(( ))

tt == tt -- ttrr22(( )) RR(( ))
mm

MM
11
rr(( ))

MM == mm ++ mm11 22

  
These relations are completely general and don't require any assumptions about circular These relations are completely general and don't require any assumptions about circular 

orbits. For our problem, however, we can choose to work in the so-called orbits. For our problem, however, we can choose to work in the so-called center-of-mass center-of-mass 

frameframe in which the center of mass is always at the origin, so in which the center of mass is always at the origin, so  ..tt == 00RR(( ))
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If the distance between the masses is If the distance between the masses is  (constant for circular orbits), we can write the  (constant for circular orbits), we can write the aa
separation vector as a function of time asseparation vector as a function of time as  , where, where   is the  is the tt == aa ΩtΩt,, aa ΩtΩt,, 00rr(( )) (( coscos sinsin )) ΩΩ

orbital angular frequency orbital angular frequency . The positions of the masses in this frame are then:. The positions of the masses in this frame are then:ΩΩ == 2𝜋2𝜋 // TT
  

tt == tt == ΩtΩt,, ΩtΩt,, 00rr11(( ))
mm

MM
22
rr(( ))

mm aa

MM
22

((coscos sinsin ))

tt == -- tt == -- ΩtΩt,, ΩtΩt,, 00rr22(( ))
mm

MM
11
rr(( ))

mm aa

MM
11

((coscos sinsin ))

  
Okay, we have the positions of both masses as functions of time now. The next step is to Okay, we have the positions of both masses as functions of time now. The next step is to 

write down the mass density function of the system, which is given by delta functions:write down the mass density function of the system, which is given by delta functions:

  
𝜌𝜌 tt,, xx == mm 𝛿𝛿 -- tt ++ mm 𝛿𝛿 -- tt(( )) 11

33((xx rr
11(( )))) 22

33((xx rr
22(( ))))

  
The mass density should be zero everywhere except at the positions of the masses where it is The mass density should be zero everywhere except at the positions of the masses where it is 

technically infinite. Explicitly, technically infinite. Explicitly, ..𝛿𝛿 -- tt == 𝛿𝛿 xx --mm aa //MM ΩtΩt 𝛿𝛿 yy --mm aa //MM ΩtΩt 𝛿𝛿 zz33((xx rr
11
(( )))) (( 22 coscos )) (( 22 sinsin )) (( ))

  

Next, let's calculate the components of the quadrupole moment,Next, let's calculate the components of the quadrupole moment,  . . QQ == 𝜌x𝜌x xx dVdVijij ∭∭ ii jj

We have the coordinates We have the coordinates , so the , so the -component would be:-component would be:xx == xx ,, xx ,, xx == xx,, yy,, zzii (( 11 22 33)) (( )) QQ1111

  

QQ1111 == 𝜌x𝜌x dVdV == mm xx 𝛿𝛿 -- tt dVdV ++ mm xx 𝛿𝛿 -- tt dVdV∭∭ 22
11 11∭∭ 22 33((xx rr

11(( )))) 22∭∭ 22 33((xx rr
22(( ))))
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When integrating these delta functions, they essentially just pick out the valuesWhen integrating these delta functions, they essentially just pick out the values  
 and and  , so the volume integrals become:, so the volume integrals become:xx == mm aa // MM ΩtΩt22 coscos xx == --mm aa // MM ΩtΩt11 coscos

  

QQ1111 == mm ΩtΩt ++ mm -- ΩtΩt == aa ΩtΩt ≡≡ 𝜇a𝜇a ΩtΩt11

mm aa

MM
22

coscos

22

22

mm aa

MM
11

coscos

22
mm mm

MM
11 22

22
mm ++ mm22 11

⏠⏠⏣⏣⏣⏣⏡⏡⏣⏣⏣⏣⏢⏢
=M=M

22 coscos22 22 coscos22

  
We've defined We've defined  as the  as the reduced massreduced mass. It's a common parameter in orbital mechanics.. It's a common parameter in orbital mechanics.𝜇𝜇 == mm mm // MM11 22

  
Here,Here,   is the so-called  is the so-called reduced massreduced mass. For the other components of. For the other components of  ::𝜇𝜇 == mm mm // MM11 22 QQijij

  

QQ1212 == 𝜌x𝜌x xx dVdV == mm xy𝛿xy𝛿 -- tt dVdV ++ mm xy𝛿xy𝛿 -- tt dVdV∭∭ 11 22 11∭∭ 33((xx rr
11
(( )))) 22∭∭ 33((xx rr

22
(( ))))

  == mm ΩtΩt ΩtΩt ++ mm -- ΩtΩt -- ΩtΩt == 𝜇𝜇aa ΩtΩt ΩtΩt11

mm aa

MM
22

coscos
mm aa

MM
22

sinsin 22

mm aa

MM
11

coscos
mm aa

MM
11

sinsin 22 coscos sinsin

QQ2222 == 𝜌x𝜌x dVdV == mm yy 𝛿𝛿 -- tt dVdV ++ mm yy 𝛿𝛿 -- tt dVdV∭∭ 22
22 11∭∭ 22 33((xx rr

11
(( )))) 22∭∭ 22 33((xx rr

22
(( ))))

  == mm ΩtΩt ++ mm -- ΩtΩt == 𝜇𝜇aa ΩtΩt11

mm aa

MM
22

sinsin

22

22

mm aa

MM
11

sinsin

22

22 sinsin22

QQ == QQ == QQ == 001313 2323 3333

  
For the quadrupole formula, we also need to take second time derivatives of these:For the quadrupole formula, we also need to take second time derivatives of these:

  

== 𝜇a𝜇a ΩtΩt == -- 2𝜇a2𝜇a ΩΩ ΩtΩt -- ΩtΩt␒␒␒␒QQ1111
22 dd

dtdt

22

22
coscos22 22 22 coscos22 sinsin22

== 𝜇a𝜇a ΩtΩt ΩtΩt == -- 4𝜇a4𝜇a ΩΩ ΩtΩt ΩtΩt␒␒␒␒QQ1212
22 dd

dtdt

22

22
((coscos sinsin )) 22 22 coscos sinsin

== 𝜇a𝜇a ΩtΩt == 2𝜇a2𝜇a ΩΩ ΩtΩt -- ΩtΩt␒␒␒␒QQ2222
22 dd

dtdt

22

22
sinsin22 22 22 coscos22 sinsin22

  
These can be simplified using the trigonometric identities These can be simplified using the trigonometric identities   ΩtΩt -- ΩtΩt == 2Ωt2Ωtcoscos22 sinsin22 coscos
and and , which give:, which give:ΩtΩt ΩtΩt == 2Ωt2Ωtcoscos sinsin 11

22 sinsin

  

== -- 2𝜇a2𝜇a ΩΩ 2Ωt        2Ωt        == -- 2𝜇a2𝜇a ΩΩ 2Ωt       2Ωt       == 2𝜇a2𝜇a ΩΩ 2Ωt2Ωt␒␒␒␒QQ1111
22 22 coscos ␒␒␒␒QQ1212

22 22 sinsin ␒␒␒␒QQ2222
22 22 coscos
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For last, we should evaluate these at For last, we should evaluate these at  like in the quadrupole formula. This gives us,  like in the quadrupole formula. This gives us, tt -- rr // cc
essentially, wave-like expressions that have a wavenumber essentially, wave-like expressions that have a wavenumber ::kk == 𝜔𝜔 // cc ≡≡ 2Ω2Ω // cc
  

tt -- rr // cc == -- 2𝜇a2𝜇a ΩΩ 2Ω2Ω tt -- rr // cc == -- 2𝜇a2𝜇a ΩΩ 2Ωt2Ωt -- krkr␒␒␒␒QQ1111(( )) 22 22 coscos(( (( )))) 22 22 coscos(( ))

tt -- rr // cc == -- 2𝜇a2𝜇a ΩΩ 2Ω2Ω tt -- rr // cc == -- 2𝜇a2𝜇a ΩΩ 2Ωt2Ωt -- krkr␒␒␒␒QQ1212(( )) 22 22 sinsin(( (( )))) 22 22 sinsin(( ))

tt -- rr // cc == 2𝜇a2𝜇a ΩΩ 2Ω2Ω tt -- rr // cc == 2𝜇a2𝜇a ΩΩ 2Ωt2Ωt -- krkr␒␒␒␒QQ2222(( )) 22 22 coscos(( (( )))) 22 22 coscos(( ))

== == == 00␒␒␒␒QQ1313
␒␒␒␒QQ2323

␒␒␒␒QQ3333

  
To apply our quadrupole formulas and calculate our polarization components, we should To apply our quadrupole formulas and calculate our polarization components, we should 

choose a choose a wave framewave frame. Our gravitational waves are all propagating in the. Our gravitational waves are all propagating in the  -direction-directionrr

(( ), so a natural choice would be to choose the ), so a natural choice would be to choose the polarization basispolarization basis   as the  as the ==ˆ̂kk ˆ̂eerr ,,{{ ˆ̂qq ˆ̂pp}}

normalizednormalized angular basis vectors in spherical coordinates,  angular basis vectors in spherical coordinates,  and and  ::==ˆ̂qq ˆ̂ee𝜃𝜃 ==ˆ̂pp ˆ̂ee𝜑𝜑
  

  
The Cartesian component representations of The Cartesian component representations of   and and  in terms of  in terms of ,,   and and   are then: are then:ˆ̂qq ˆ̂pp rr 𝜃𝜃 𝜑𝜑
  

== ==                                             == ==ˆ̂qq
qq11

qq22

qq33

𝜃𝜃 𝜑𝜑coscos coscos
𝜃𝜃 𝜑𝜑coscos sinsin

-- 𝜃𝜃sinsin

ˆ̂pp
pp11

pp22

pp33

-- 𝜑𝜑sinsin
𝜑𝜑coscos

00
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We now have everything we need to calculate the the plus- and cross-polarization We now have everything we need to calculate the the plus- and cross-polarization 

components! These turn out to be, from thecomponents! These turn out to be, from the  quadrupole formulas (we're skipping a bunch quadrupole formulas (we're skipping a bunch 

of the trigonometric algebra here - you are free to fill in the details yourself, and if you do, of the trigonometric algebra here - you are free to fill in the details yourself, and if you do, 

you may need the formulas you may need the formulas  and  and ):):𝜑𝜑 -- 𝜑𝜑 == 2𝜑2𝜑coscos22 sinsin22 coscos 22 𝜑𝜑 𝜑𝜑 == 2𝜑2𝜑coscos sinsin sinsin
  

hh++ == qq qq -- pp pp tt -- rr // cc
GG

cc rr44
ii jj ii jj ␒␒␒␒QQijij(( ))

  == qq qq -- pp pp ++ qq qq -- pp pp ++ qq qq -- pp pp
GG

cc rr44
11 11 11 11 ␒␒␒␒QQ1111

2G2G

cc rr44
11 22 11 22 ␒␒␒␒QQ1212

GG

cc rr44
22 22 22 22 ␒␒␒␒QQ2222

  == -- 11 ++ 𝜃𝜃 2𝜑2𝜑 2Ωt2Ωt -- krkr ++ 2𝜑2𝜑 2Ωt2Ωt -- krkr
2G𝜇a2G𝜇a ΩΩ

cc rr

22 22

44
coscos22 [[coscos coscos(( )) sinsin sinsin(( ))]]

  

hh×× == qq pp ++ pp qq tt -- rr // cc
GG

cc rr44
ii jj ii jj ␒␒␒␒QQijij(( ))

  == qq pp ++ pp qq ++ qq pp ++ pp qq ++ qq pp ++ pp qq
GG

cc rr44
11 11 11 11 ␒␒␒␒QQ1111

2G2G

cc rr66
11 22 11 22 ␒␒␒␒QQ1212

GG

cc rr66
22 22 22 22 ␒␒␒␒QQ2222

  == 𝜃𝜃 2𝜑2𝜑 2Ωt2Ωt -- krkr -- 2𝜑2𝜑 2Ωt2Ωt -- krkr
4G𝜇4G𝜇aa ΩΩ

cc rr

22 22

44
coscos [[sinsin coscos(( )) coscos sinsin(( ))]]

  
These rather long trigonometric expressions have the form of trigonometric sum formulas, These rather long trigonometric expressions have the form of trigonometric sum formulas, 

namely,namely,   and  and 2𝜑2𝜑 2Ωt2Ωt -- krkr ++ 2𝜑2𝜑 2Ωt2Ωt -- krkr == 2Ωt2Ωt -- krkr -- 2𝜑2𝜑coscos coscos(( )) sinsin sinsin(( )) coscos(( ))

). Therefore:). Therefore:2𝜑2𝜑 2Ωt2Ωt -- krkr -- 2𝜑2𝜑 2Ωt2Ωt -- krkr == -- 2Ωt2Ωt -- krkr -- 2𝜑2𝜑sinsin coscos(( )) coscos sinsin(( )) sinsin(( ))
  

hh == -- 2Ωt2Ωt -- krkr -- 2𝜑2𝜑++
2G𝜇a2G𝜇a ΩΩ

cc

22 22

44

11 ++ 𝜃𝜃

rr
coscos22

coscos(( ))

  

hh == -- 2Ωt2Ωt -- krkr -- 2𝜑2𝜑××
4G𝜇a4G𝜇a ΩΩ

cc

22 22

44

𝜃𝜃

rr
coscos

sinsin(( ))
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We could also write the full metric perturbation in the form of aWe could also write the full metric perturbation in the form of a   matrix: matrix:44 ×× 44
  

hh == --TTTT
𝜇𝜈𝜇𝜈

2G𝜇a2G𝜇a ΩΩ

cc

22 22

44

00 00 00 00

00 2Ωt2Ωt -- krkr -- 2𝜑2𝜑
11 ++ 𝜃𝜃

rr
coscos22

coscos(( )) 2Ωt2Ωt -- krkr -- 2𝜑2𝜑
22 𝜃𝜃

rr
coscos

sinsin(( )) 00

00 2Ωt2Ωt -- krkr -- 2𝜑2𝜑
22 𝜃𝜃

rr
coscos

sinsin(( )) 2Ωt2Ωt -- krkr -- 2𝜑2𝜑
11 ++ 𝜃𝜃

rr
coscos22

coscos(( )) 00

00 00 00 00
  
Note: using Kepler's third lawNote: using Kepler's third law   here to write  here to write  would reveal that  would reveal that TT == 4𝜋4𝜋 aa //GMGM22 22 33 aa == GMGM // ΩΩ22

1/31/3

the gravitational wave amplitude depends on the orbital frequency of the binary asthe gravitational wave amplitude depends on the orbital frequency of the binary as ..∝∝ ΩΩ2/32/3

  
What can we say about these? First, the What can we say about these? First, the frequencyfrequency of the emitted gravitational waves is  of the emitted gravitational waves is 

twicetwice the orbital frequency of the binary,  the orbital frequency of the binary, . This makes sense since the quadrupole . This makes sense since the quadrupole 𝜔𝜔 == 2Ω2Ω

moment repeats itself after every 180moment repeats itself after every 180   (it just flips sign), so after just (it just flips sign), so after just halfhalf an orbit for the  an orbit for the °°
binary, the gravitational waves emitted from it have already gone through binary, the gravitational waves emitted from it have already gone through one one full period.full period.
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We can also see that the effect of the We can also see that the effect of the azimuthal angleazimuthal angle   of our observation point is only  of our observation point is only 𝜑𝜑
a phase shift in the wave, namely, a phase shift of a phase shift in the wave, namely, a phase shift of . Both of these factors of 2 are . Both of these factors of 2 are 2𝜑2𝜑
reflections of the reflections of the tensortensor (or  (or spin-2spin-2) characteristics of gravitational waves.) characteristics of gravitational waves.

  
Another interesting feature is that the amplitudes (Another interesting feature is that the amplitudes (  and and  ) of the two polarization ) of the two polarization ϵϵ++ ϵϵ××

modes are not constant anymore in this case. Rather, they both depend onmodes are not constant anymore in this case. Rather, they both depend on   and and  ::rr 𝜃𝜃
  

ϵϵ ==++
2G𝜇a2G𝜇a ΩΩ

cc

22 22

44

11 ++ 𝜃𝜃

rr
coscos22

ϵϵ ==××
4G𝜇a4G𝜇a ΩΩ

cc

22 22

44

𝜃𝜃

rr
coscos

  
These fall off with distance to the source asThese fall off with distance to the source as , which reflects the fact that the waves , which reflects the fact that the waves ∼∼ rr-1-1

are spreading out from the source in are spreading out from the source in all all directions. The further they travel, the larger an directions. The further they travel, the larger an 

area they will have spread out over, so the amplitude in any area they will have spread out over, so the amplitude in any one one direction will be smaller. direction will be smaller. 

So, "real" gravitational waves tend to get weaker the further they propagate from their So, "real" gravitational waves tend to get weaker the further they propagate from their 

source through thissource through this -dependence - actually just like electromagnetic waves.-dependence - actually just like electromagnetic waves.∼∼ rr-1-1

  
The most interesting feature might be the The most interesting feature might be the -dependence of the two polarization modes. -dependence of the two polarization modes. 𝜃𝜃
The coordinate The coordinate  is the polar or inclination angle of our observation point, which means  is the polar or inclination angle of our observation point, which means 𝜃𝜃
that the polarization (that the polarization (   oror ) of the emitted waves we observe depends on the ) of the emitted waves we observe depends on the ++ ××
inclination of the orbital plane inclination of the orbital plane with respect to our observation point. When the emitted with respect to our observation point. When the emitted 

waves arrive at waves arrive at our locationour location, they can appear either plus-polarized or some combination of , they can appear either plus-polarized or some combination of 

plus- and cross-polarizations depending on our observation angle. They are never purely plus- and cross-polarizations depending on our observation angle. They are never purely 

cross-polarized since cross-polarized since  (unless we were to rotate our coordinate system): (unless we were to rotate our coordinate system):11 ++ 𝜃𝜃 ≠≠ 00coscos22

  
• • At At  (when we're aligned with the orbital plane),  (when we're aligned with the orbital plane),  but but  : the : the 𝜃𝜃 == 𝜋𝜋 // 22 ϵϵ == 00×× ϵϵ ≠≠ 00++

emitted gravitational waves areemitted gravitational waves are completely plus-polarized completely plus-polarized..
  

• • At At   or or   (looking at the orbital plane "from above" or "below"), (looking at the orbital plane "from above" or "below"), : : 𝜃𝜃 == 00 𝜃𝜃 == 𝜋𝜋 ϵϵ == ϵϵ++ ××

the waves consist of an equal amount of plus- and cross-polarizations, which is a the waves consist of an equal amount of plus- and cross-polarizations, which is a 

circularly polarized circularly polarized gravitational wave. The polarization pattern is a gravitational wave. The polarization pattern is a rotating ellipserotating ellipse..
  

• • At any other inclination, we'll generally find At any other inclination, we'll generally find  and that both polarization  and that both polarization ϵϵ ≠≠ ϵϵ++ ××

modes are non-zero. This would be an modes are non-zero. This would be an elliptically polarizedelliptically polarized gravitational wave. gravitational wave.
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