Linearized Gravity: An Intuitive Introduction

This lesson covers linearized gravity, the framework for describing weak gravity in
general relativity. Linearized gravity allows us to describe two main applications: the
Newtonian limit and gravitational waves. We'll also be able to describe frame
dragging, gravitational wave detectors and other applications within this framework.

I'd recommend working through this after Lesson 12 of the course. While linearized
gravity is a stand-alone topic, we will use many of the mathematical tools from
previous lessons, so having an understanding of those first should be beneficial.

Lesson Contents:

1. The General Framework of Linearized Gravity ... 2
1.1. The Rules of Linearized Gravity ... 2
1.2. The Linearized Einstein Field Equations ... 5
2. An Introduction To Gauge Transformations ... ... ... 8
2.1. What Are Gauge Transformations? ... 8
2.2. The Lorenz (Harmonic) GAUQGE ... 12
3. The Newtonian Limit . . 17
3.1. The Newtonian Field EQUations ... 18
3.2. Post-Newtonian Effects: Lense-Thirring Metric ... 23
4. An Introduction To Gravitational Waves ... . .. ... ... ... 36
4.1. The Transverse-Traceless Gauge ... 36
4.2. Vacuum Gravitational Waves ... 39
4.3. Gravitational Wave Polarization Modes ... 45
4.4. Application: Gravitational Wave Detectors ... 50
4.5. Wave Frames & Polarization Basis VeCtOrs ... 55
5. Sources of Gravitational Waves ... .. .. 61
5.1. How Are Gravitational Waves Produced? ... 61
5.2. General Solution of The Linear Field EQuations ... 64
5.3. The Quadrupole FOrmula ... 68
5.4. Example: Binary Star SySte@mMS ... 75



1. The General Framework of Linearized Gravity

General relativity is a non-linear theory, and solving Einstein's equations (analytically) is
only possible in very special situations. Linearized gravity falls under these "special
situations” - it is a general framework that can be used to solve the field equations for
many different spacetimes under the assumption that spacetime curvature is weak.

In this context, "weak" means that all non-linear terms in the Einstein field equations are
so small they can be taken as zero, which makes the field equations themselves linear. In
the language of differential equations, this usually translates to "much simpler to solve".

For this section, we'll begin by discussing some general aspects and mathematical rules of
linearized gravity. If you don't care about the details of the calculations behind, for
example, the Einstein field equations, all the important results are highlighted, so it is
possible to just glance over the following sections. After developing the basic
mathematical framework, we'll discuss gauge transformations and some applications.

1.1. The Rules of Linearized Gravity

The starting point for linearized gravity is to mathematically describe a weakly curved
spacetime. The way to do this is to pick a background spacetime and add a correction to
it, which represents how curvature makes the "full" metric deviate from that background.

In the case of linearized gravity, we usually pick the background as the flat Minkowski
spacetime of special relativity described by the Minkowski metric n,,, = diag(-1,1,1, 1).
The metric of the "full" curved spacetime is then this background metric plus a small
correction called a metric perturbation, which we denote by hw. This perturbation
describes how our full metric deviates from the background, in this case flat spacetime:

[guv = Nuv + hw]

So, the key idea behind this framework is to split the spacetime into a background and an
additional field on top of it. This field, the metric perturbation, is what contains gravity.



An important assumption here is that the background metric is expressed in Cartesian
coordinates, so it really has the form 17, = diag(-1, 1,1, 1), and importantly, aa’?uv =0.
If needed, we can always perform a coordinate transformation to some other coordinate
system at the end, but the intermediate calculations we'll do assume that the background
metric is constant. The linearized gravity metric can then be written in the general form:

~1+ho ho ho2 hos
B hoo  1+hnn  hi2 hi3 ~1+hoo  hoi

A ™ hp 1+hy  hys | [ hoi i + hyj ]

hos hi3 hos 1+ hss

So far, this is just a way to rewrite the metric. Linearized gravity is the study of weak
gravity, so it additionally assumes that the perturbation hw is small. Mathematically,

‘'small' means that anything non-linear in the perturbation is taken as zero - so,
schematically h? ~ 0, > ~ 0 and so on. Because derivatives of the perturbation also

contribute to gravity, these are also taken to be small, so (9h)% ~ 0, (9h)> ~ 0 as well as
anything of the form hoh ~ 0.

The Assumptions of Linearized Gravity

« The metric tensor can be written as g,y = 1y + hw.

« The metric perturbations are small, which means any terms containing
higher powers in h,,,, are zero - so, anything like huvhap = 0.

« The metric perturbation varies slowly, so derivatives of h#V are also small,
and any terms of the form f,,0,h148 = 0 or dah,,, 05l = 0.

These rules essentially remove all non-linearities from general relativity. An important
consequence of this is that indices are raised and lowered with the background Minkowski
metric (if we were to raise them with the full metric, we'd get non-linear terms). The
perturbation /1., behaves more like an "external” field on top of a flat background
spacetime, and any tensor operations are done strictly with the background metric.



Inverse Metric & Christoffel Symbols In The Linearized Limit

The first couple of things these rules allow us to work out are the inverse metric and
the Christoffel symbols. We can find the inverse metric from the definition that

guwg"" = 4, which can also be written in terms of the Minkowski metric as:

gw8" = nun*”

Inserting the metric in the form Sy = Ny + h#V' we find:

(va + hyv)g’” = vanw = mwg‘” + hyvg/w = UW’?W

Now, we can rewrite the second term as hwg‘“’ = h”vgw. Here, the upper-index

metric perturbation means " = n”anvﬁhaﬁ, because indices are raised with the
Minkowski metric. We can insert gy = 1y + hyy into this once more to get:

Nuwg"" +h g =

= qugw + hw(’?w +hy) = UMVT?HV

= Mgt B+ B Ry =
N———r

=0

= e = il =
From this, we can identify the inverse metric as:
gt =t — " = ptv — U#aﬂvﬁhaﬁ

So, the inverse metric picks up a minus sign but otherwise has the same kind of form

as §uv = Nuv + Hyy. The perturbation i with upper indices here is h*" = n”“nvﬁhaﬁ.



With this, we can now calculate the Christoffel symbols from the general formula:

A

rw = _8 (0pgva + Ovgua = aguv)

1 X / 04
= —(77/\( h' )(au(ﬁva + hva) + Ov(Nua + Nya) = a(Muv + hyv))
2

1 )\a(a‘uhva + avh‘ua aah;ﬂ/) - _h)\a(a hva + a h#a aahyv)

Here, we used the fact that derivatives of the Minkowski metric are zero because of
our background coordinate choice (this is the place where assuming a Cartesian
background really begins to simplify things). In the second term, we have terms of the

form h)‘“ayhm, which vanish in our linearized approximation. We therefore have:

1
D = M(a Hya + 0vhyg = Ouhyy)

So, the Christoffel symbols involve raising indices with the Minkowski metric (as
expected) and derivatives calculated directly from the metric perturbation.

1.2. The Linearized Einstein Field Equations

Our goal here, ultimately, is to write down the Einstein field equations for linearized
gravity and solve them. For that, we'll need the Einstein tensor, which is constructed out of
the Riemann tensor, Ricci tensor and Ricci scalar. Let's work these out next.

We'll begin with the Riemann tensor, which involves both derivatives of Christoffel
symbols and products of Christoffel symbols. These products of Christoffel symbols, which

schematically have the form I'T ~ nohnoh ~ (0h)?, are non-linear in the metric. These
should vanish in our linearized approximation, which gives us for the Riemann tensor:

— A
/,lﬁv aﬁr avr +rﬁvr ap r (xv = 851" 8V1"yﬁ



Let's plug in the Christoffel symbols we found earlier (the terms in red cancel each other):

A A
r#v r#ﬂ

7\

1 L e
HﬁV = 0p 2,77\ (Quhva + dvhya — aah,w)] — 9, [En?\ (Auhpa + dghua — dahyup)

_1 A“(aﬁa Hva + 05010 — Odattyy — 9v0uhipe — 0v0ph ua + Oyvdaliyp)

1 51" @pduhva = Ipdaltus = BByl + dvdaltyp)

This is our Riemann tensor. For the Ricci tensor, we need to contract the indices A and ﬁ:

1
R Ry/\v = EU/\a(a/\ayhva - a/\aahyv - ava[uh/\a + avaah[u/\)

= %(ﬂAaaAayhva - T]Aaa?\aahyv - avay (ﬂAahAa) + nAaavaahy?\)

We've moved the Minkowski metric inside the derivatives in the third term, where we can
define nmhm = h (i.e. the trace of the metric perturbation - for the Minkowski metric,
this is always UMUM = 4, but we don't know what it is for the metric perturbation). On
the other terms, the Minkowski metric simply raises indices as 17)‘“8;\ = 0“. We then have:

Ry = % (701010 = 1918y — 3,0, ) + 0" dalyn)
_ % (000 v — 9" Bl — 34Dyl + 00 )

= % (ayaahm + avaahya - aaaahyv - aVaMh)

In the last step, we've relabeled the dummy index A to an a and moved some of the terms around.
There is no real content in this, other than make the formula a bit nicer-looking!



Next, let's do the Ricci scalar. For that, we need to contract RW with the Minkowski metric:

R = nva‘uv — %(n}wayaahwx + nﬁwavaahya _ aaaa( ) _ nyvavayh)

= % (070%hva + 0" 0%hyua — 020%) — 0"0,h)

We only summation indices in all of the terms here, which we can be relabel freely. So,
relabeling v — p in the first term and y — « in the third term, we can combine the terms:

p—p
R= %(a“a“hw+a“8“hw—aaaa‘h—aaaah) = 0"0% e — 99ah = 0P hpe — 33k

Let's construct the Einstein tensor next. All we need to do is plug the Ricci tensor and Ricci
scalarin G, = Ry — R1yy / 2. We use 1), here instead of gy, as per the linearized
framework (we would end up with non-linear terms if we used the full g,,,, here). This gives:

Gu = % (040" hye + 0,0% N0 — 040" hyy — 0,0,,h) — %(aﬁa“haﬁ —0%9,) Ny

1 a a a a a
= 5(aya Myg + 0,0 Mg = 10P 0 g — 020 Ty — 0,01 + 1, 0“ 9, 1)

This is pretty much as far as we can simplify the Einstein tensor for now. We can now write
down the Einstein field equations. For a general energy-momentum tensor T',, they are:

8nG
G = =3 T
c
1
= 0,0%y — 0,0uh + 0,0 Tyy — 1007 0% ag — 3% 0ahyy + 0% Fatyh = —6ZGTW
c

These are the Einstein field equations for linearized gravity. We will be able to simplify
them a lot still by exploiting some of the freedom - via so-called gauge transformations -

we have in defining the metric perturbation /1,,. In fact, we will be able to find the general
solution to these equations for (almost) any energy-momentum tensor.



2. An Introduction To Gauge Transformations

The next topic we'll discuss are gauge transformations for linearized gravity. The idea is
that writing the metric as ¢, = 1), + I, leaves some ambiguity in how the perturbation
hy, is chosen with respect to the background 77, There turn out to be many physically
equivalent perturbations, which are all related by something called gauge transformations.

Gauge transformations are at the heart of any application of linearized gravity, so we'll be
using them throughout this lesson. | cover them in a more general context in my book
Field Theory For The Non-Physicist if that's something you want to learn more about. What
we do here with linearized gravity is just one example use case of gauge field theories.

2.1. What Are Gauge Transformations?

Gauge transformations, in the context of linearized gravity, are a special set of coordinate
transformations that leave the background metric 77, unchanged but change the
perturbation hw. That might sound weird at first since we would expect 1, -like the
components of any tensor - to change under coordinate transformations.

The key here is that it's the full metric Sy = Nuv + hHV that matters, and under any
coordinate transformation, the components g, do indeed transform like they should.
However, because of linearity, certain transformations of g, = 1, + hw can be recast as
gauge transformations of hw, while keeping the background 1, fixed. The full metric is
transformed, but any terms resulting from that transformation can be "absorbed" into hw

Let's develop this idea further now. We can start from the fact that under an arbitrary
coordinate transformation, the components of the metric should transform as:

8x oxP (Mg + 1) = ox® oxP ax oxP
oxh oy b T lep) = o 1 T S5k 0%

g - Aa gaﬂ haﬁ

Here, A% = dx® / dx* is the Jacobian matrix for the coordinate transformation from a set of

coordinates x to some new set of coordinates, X. The Jacobian matrix was covered in Lesson 2.



These two terms here describe how the background Minkowski metric 17,5 and the
perturbation /1,4 transform under a completely general coordinate transformation:

—_— ai“axﬁ
| T oo ATy = Ty + 11
ﬁ axa axﬁh an g‘LlV - T][/lV + uv:
T axeax

Gauge transformations are now the subset of transformations that leave the background
fixed, so 17, = 7,y These turn out to be transformations having the following form:

[y# — xH 4 5#]

This is a transformation that shifts each point x* by a small amount &¥. Small, in this
context, means the same it did for &, so anything of the form &2, (85)2, &Ed&, or h& can be

neglected. The shift ¥ can vary from point to point, so & = £#(x). This kind of
coordinate transformation is essentially an arbitrary, but infinitesimal coordinate shift:

To understand what this coordinate transformation does, we'll need the Jacobian matrix.
The "old" coordinates (without a bar) are given by x# = x# — £¥, so the Jacobian matrix is:

a dx" _ 0 —a  ca
M= T ) ox¥

Here, we've used the fact that 0X® / dX* equals 1if & = [ and zero otherwise: so, 0X* [ 0X* = 6ﬁ.



We can write the derivative 0% / dX* here by using the chain rule as:

But dx¥ / 0X* is just the Jacobian again, which we just found to be A}il =0, —9&" [ oxt.

Then, using the approximation (65)2 ~ 0 (because & and its derivatives are small):

= 57— 6 + x5 = 5% -9,&°
ot oy f TFoxr  owtoxt P oxt 3
~—— —,—,—

=0&%/oxH =(

A P T I L URY: | . L. R
Aﬁzéy—[éy——] =5

This result tells us that, in this context, there is no difference between taking derivatives
with respect to the "new" coordinates X and the "original" coordinates x. We can now
calculate how our metric tensor components transform as follows:

S = AZALDas + ASAL N
= (61 =0uE") (60 ~ v s + (6 — &) (60 =307 g
_ sagcP _ a <P B
= 0u0vap ~0u&" dvnap =0 V&P Biitap. +8f~av;%+ 520 Ohdvhap — 9EYshn,

Znyv :T[m’ _Tl#ﬂ =hyv
~010v&L hag + 3E el hag.
= Nuw — ay ganav - av gﬁﬂyﬁ + hyv
———— —————
ZEV Z(Sy
= Nuv + hyv - ayév - avéy

Notice this contains only the original background Minkowski metric 17,,,,! The effect of the
transformation are these d&-terms, which we can "absorb" into a transformed
perturbation hw = hw - aygv - avgy. We could then interpret the whole thing as a

transformation of only hw, with the background coordinates themselves kept fixed:

{ﬁyv = n#V
hyv = huv - ayév - avéy

10



This is precisely what we mean by a gauge transformation: a coordinate transformation
recast as a transformation of the "field" hHV' So, the metric perturbation is now better
thought of as an "external" tensor field on top of a fixed background spacetime:

This kind of "recasting” allows us to forget about coordinate transformations altogether
and to think of these transformations as being done directly to the metric perturbation
hw. Of course, the math is still the same regardless of how we choose to interpret it.

Gauge transformations in linearized gravity are direct transformations of the metric
perturbation of the form 1, = hy, — aygv — avcf#, where &, is an arbitrary vector.

The really interesting thing about these gauge transformations is that they leave the

curvature tensors completely unaffected. We can see this explicitly by looking at the

Riemann tensor. The "gauge-transformed" Riemann tensor components Rﬁﬁv are:

— 1 _ _ _ _
Rl = _nm(aﬁayhm = 9p0a/1,, — 0yOpli 5, + 0,0al1p)

_ i ™ [aﬁay(hm 00— 00E) = B0l — D0 — ,E,)
N (T T N S Y WU aﬂam]
_! M[aﬁa e — 359,00 Ea — 359,00y — pdalts + 9029, E, + IpdadrE s
0,0ultg +,0,05E0 + 0,0, 0uls + ydaltg — 0,0d s~ avaaaﬁgyl
-1 1 @9 ultia = Db =0, + 9,2alyg) = R

A
upv
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We can see here that E/Z‘ﬁv = RZ) . SO every component of the Riemann is invariant

under a gauge transformation! A general coordinate transformation, while having no

physical effect, would still change the components like R)‘ = A7 AGAKA R%s:. But a
gauge transformation does not even do that, rather, it Ieaves them completely unchanged.

This shows directly that the choice of the perturbation hw, and how we identify it with the
background spacetime, is not unique - there are many different f,,'s that produce exactly
the same curvature components. Because the Einstein field equations are also
consequently invariant, they can only fix the perturbation /., up to a gauge. We are free
to choose this gauge however we like, a feature called gauge symmetry.

One consequence of this is that a perturbation of form of a pure gauge (meaning it can be
written 11, = —0,&, — 0,,&,) always has zero curvature. Curvature and gravity are
therefore entirely contained in the gauge-invariant parts of the perturbation /.

To summarize, we can recast linearized gravity as a gauge field theory of the metric
perturbation hw' This allows us to keep the same background spacetime, but leaves us
with freedom in choosing how hw should be identified with respect to that background.
All gauges still describe the same physics, some just might be more convenient in practice.

2.2. The Lorenz (Harmonic) Gauge

In this lesson, we'll mainly work with the so-called the Lorenz gauge. The Lorenz gauge is
perhaps the most widely used gauge in linearized gravity and it works well for describing
both the Newtonian limit and the physics of gravitational waves. It also works for
analyzing so-called post-Newtonian effects, which we'll get a glimpse of later as well.

The Lorenz gauge is usually applied, not directly to /1,,,, but to its trace-reversed version,
which we define as the following combination of objects:

1
P = By = U#vh

Trace-reversed here means that Tr(h™®) = n“vhfnlf = —h - so, a sign reversal of the trace.

12



The Lorenz gauge now uses the gauge symmetry discussed earlier to set the
(four-)divergence of this trace-reversed perturbation to zero:

The Lorenz gauge

Ml =0

Here, we have a summation over the index U, so schematically, this would read:
1
hg, +9'hy, +0%hy, + kg = "V h - ;atthR =0

If you're familiar with electrodynamics, this is the "linearized gravity version" of the Lorenz

%
gauge V- A+ 0/ c = 0 used there. The difference here is that the Lorenz gauge is

actually four conditions, one for each value of the index v = {0, 1, 2,3} = {0, i}. Degree-
of-freedom-wise, imposing the Lorenz gauge reduces the number of independent
components of the metric perturbation hHV from 10 to 6.

One question this raises is, how do we know this type of gauge is something we're
allowed to impose? The way to check if a gauge is valid is to check that it can really be
written in the form of a gauge transformation. This is analyzed in a bit more detail below.

What Does It Mean To Impose The Lorenz Gauge?

First, let's remind ourselves of the general form of our gauge transformation. A gauge

transformation generally takes us from hw to a new perturbation EW of the form:

hyv = h,uv - a[uév - avélu
In terms of degrees of freedom, a gauge transformation corresponds to choosing a

gauge parameter &, with four components. The Lorenz gauge imposes exactly four
such conditions on the perturbation, so it works out degree-of-freedom-wise at least.

13



However, just imposing any four conditions does not automatically make for a valid
gauge. We also have to check that the transformation can really be written in terms of

some four-vector &,,. Explicitly, the gauge conditions are always imposed on EW, the
gauge-transformed perturbation (though we usually drop the bar notation afterwards).

For the Lorenz gauge, we need to first know how the trace-reversed metric transforms
under gauge transformations. Our "original" hyv as well as its trace h transform as:

h,,w = Ny = 9uSy = 9,&y

- U”VEW = U“V(hw . apgv - avgh) = nwh}lv - U”Vau Sy~ nwav E# =h=20%,
— ~——— S~——
:h :av :8”

To get to the last equality, we replaced both summation indices v, L — & and combined the terms.

EA

The trace-reversed perturbation would itself then transform as:

_ _ 1 = 1
B = T = S = By =08 =00 = > (= 20°0)

1
= hyv - Eﬂyvh - ayév - avE‘u + ﬂpvaaga = hﬁl} - ayév - avgy + npvaaéa

v

TR
it

The Lorenz gauge condition would now set af‘ﬁzf = (, which requires:

Nl =0

= ay(l’l;Tul3 - aygv - avéy + U;lvawfga) =0

= hyy —0"9,E, — 9,0 E, + Mot 39, =0
:av a—u

= hyy —0"9,&, — 9,0"E, +9,0"E, =0

= M0u&y = oI

These are partial differential equations we need to solve for the gauge parameter
&, = (&0, &) that puts us into the Lorenz gauge. The idea here is that we have some

"original" metric perturbation hw, which defines hgﬁ Then, imposing the Lorenz
gauge on this metric amounts to solving the above partial differential equations.

14
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impose the Lorenz gauge by using this &, to do the transformation hﬁl} - EZ}}

We plug in our original /1, and if we can find a valid solution for &,,, we can indeed

But can we actually solve these differential equations? It turns out that we can. These
equations have a generally well-known form of a wave equation with the divergence

of our original hgf as a "source term", and we generally know that such an equation
always has a solution (under suitable boundary conditions). The important part is that
simply knowing a solution exists is enough to say that the Lorenz gauge can always
be imposed. We don't even need to solve for &, it's enough to note that some

solution always exists - when it does, we can use gauge freedom to set B”EB} = 0.

After imposing the Lorenz gauge, we usually drop the "gauge-transformed" bar-
notation and just write hg}f instead of hgf We just need to be careful then that hEE

(or hy,y) is now specifically defined in the Lorenz gauge, so it satisfies B”hﬁl,{ = 0).

Next, let's look at the Einstein field equations in the Lorenz gauge, as this is where the
usefulness of this gauge becomes clear. Recall the general linearized field equations:

1
0,0%Nyq —0,0h +0,0%h 4 — nwaﬁmhaﬁ —0“0qhyy + 00,10 = 6—ZGTW
c
By writing 0,,0,h = (d,0,h + d,0,h) / 2, we can rewrite the terms with d,,- and 9, -
derivatives (by writing them as d, = 1,,,0" and d,, = 1]4,0%) in terms of the trace-

reversed perturbation and apply the Lorenz gauge to them:

0,0 - %ayavh - %a#avh 40,01 — 100 Mg — 9Dyl + 0°u sk = 16C—7ZGTW

- aya“(hm - %nwh] " ava“(hw - %%h] — P3N ap — %0ty + DD = 16;(3
hix e

= 0,0°nIR +2,0hTE - 1, 9P e — 99Dyl + 0% = 16;(; Ty

= 0P as — 0" daltyy + 0" Damht = 16(:—7IGTW
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There is still another simplification we can make. The Lorenz gauge, when written out,
allows us to write the four-divergence of haﬁ in the following form:

85 [l’lalg - %naﬁh] =0

= aﬁhaﬁ—%naﬁaﬁh:O

=0,

1
= 0l = 50ah

The Einstein field equations then take the following, much much simpler form:

’ 1
_T]yvaaabh“ﬁ - aaaah#v + aaaanyvh = ifT#v
C

! 1
- Enwaaaah - aaaahﬂv + aaaamwh = 6C—7IGT#V

@ 1 16mG
= _a aa[hyv_ ET]#VI’I) = C—4T[JV

i
1
= 3%uhpy = - 6—ZGTW
C

These are the full Einstein field equations in the Lorenz gauge. Notice how much we
were able to simplify them with just a gauge choice? These equations still contain all of
the same physics as the "original” ones - a gauge choice doesn't change that. But what
the Lorenz gauge does is, it allows us to see the nature of these field equations more
clearly. If we write out the sum over a and use d, = (d/ 9t/ c, 9;), we would get:

B ~_ 167G 1 92h[R 167G
S0 7. TR | ~in TR _ Tt 2, TR woo Tt
0 aohyv +0 azhyv = — C—4T‘uv = |V hyv — C—2 atz = — C4
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This is a wave equation for the trace-reversed perturbation. It implies that wave-like

solutions for hB} might - or should - be possible. The Lorenz gauge turns the Einstein
field equations into wave equations and pretty much directly suggests the existence of
gravitational waves. Again, | should stress here that this "wave-like" nature was always
there in the original linearized field equations, the Lorenz gauge just made it obvious.

We'll postpone our discussion of gravitational waves for a bit later, after we've looked at
the Newtonian limit first. These field equations, even though they seem to describe waves,
actually reduce to Newtonian gravity when we take their stationary, non-relativistic limit.

3. The Newtonian Limit

At this point, we've covered the basics of gauge transformations and seen how the Lorenz
gauge turns the linearized Einstein field equations into wave equations for out metric
perturbation. We are now ready to dive into applications of linearized gravity, the first one
of which is the Newtonian limit. The Newtonian limit is the non-relativistic
approximation of general relativity, which expect should reproduce Newtonian gravity.

The non-relativistic limit assumes all speeds are much below the speed of light, so that
gravitational effects appear essentially instantaneously everywhere. This is the Newtonian
"action at a distance”, which we'll see can be recovered from the Einstein field equations.

The plan for our analysis will go as follows. First, we'll write down and solve the field
equations in the Newtonian, non-relativistic case. We'll see how Poisson's equation drops
out from the field equations and what kind of solution for the metric perturbation we find.

After that, we'll extend this framework to describe gravity around a rotating mass, which

results in the so-called Lense-Thirring metric. The Lense-Thirring metric describes a "nearly-
Newtonian" gravitational field but with some relativistic effects like frame dragging.

17



3.1. The Newtonian Field Equations

Our goal is to now solve the Lorenz gauge field equations in the Newtonian limit. We can
begin by first writing them out component-wise, which gives us three equations, the 00-,
0i- and ij-equations (where the Latin index i = {1, 2, 3} represents spatial components):

o 16nG
9*ah = Too
c*
a 167G N 167G
167G
a TR _

Our gauge freedom is already used, so the only way to make further simplifications is via
physical assumptions. The Newtonian limit is specifically based on the assumption that
our spacetime is stationary (time-independent), so aohw =~ (0. This doesn't mean that a
Newtonian gravitational field strictly cannot depend on time, it just has to vary slowly
enough in time compared to space. Recall how the four-derivatives are defined:

ah v ah v
aahyv = (aohyv aihyv) = [1 ° £ ]

c ot axi

All derivatives of hw are already small, so the dy-derivatives are extra small because they
are divided by a factor of ¢ = 3 X 108. The assumption aohw =~ ( should be reasonable

then, in which case the d,-derivatives in the field equations all turn into d;-derivatives:

" _ 161G _16nG
0%, hg Too V2hgy Too
C C
161G 161G
9 aaaahg}{ - n TOi = 3 Vzl’lglR - —Z 0i
C c
161G 167G
TR 21. TR
aaaahi]' - - C—4T1] ]’l - - C—4Tl]

Reminder: in Cartesian coordinates, the Laplacian has the form V? =

0% +0; + 02 = 9'0;.



These are the general, stationary Einstein field equations in the Lorenz gauge. Each
equation has the form of a Poisson's equation with Ty, T; and Tl-j as source terms.

To solve them and recover the Newtonian limit, we should specify an energy-momentum
tensor T ,,. For this purpose, we'll assume an idealized matter distribution, a perfect fluid
to be specific. The energy-momentum tensor of a perfect fluid has the general form
(discussed in Lesson 5), defined in terms of mass density p and pressure p:

Ty = [p + Z%]uyuv + PN

In the slow-velocity limit (meaning the Lorentz factors y = 1), these four-velocities can be
written as u, = ( —C 0j ) with v; the components of 3-velocity (the minus sign comes

0:

from lowering indices, 1 = T?Oy“” = —-u — ¢). The explicit components are then:

Too = [p+ %]uouo + pnoo = [p—l— Ez]c2 -p = pC2
C C

Toi = [p + %] uoli +pnoi = — [p + %]cvi
c C

c

Tij = [P + C%]uiuj +pnij = [P+ pz]wvf POy

Here's where we make our second physical assumption: Newtonian gravitational fields are
primarily dominated by mass and gravitational effects from pressure are negligible.

Mathematically, this means that p/pc2 = 0. The 0i- and ij-components are then:

2

pC
Tij = [1 ' i]m’ivj +poij & poivj + pojj

Toi = —[1+ P ]pcviz — pCu;

pc’

Because the velocity components v; are small, any resulting terms like v; / 3 or 00; /ct
we may find in the Einstein field equations are going to be tiny.
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In the non-relativistic limit, in fact, the right-hand sides of the 0i- and the ij-field
equations approximate to zero due to this slow-velocity approximation (and p/c4 =~ 0):

B 167G

thTR —
00 2 p o S 167G
00 > P
o r 167G c
l ~S
16mG 161G 2pIR
VI = = = poity - — Py V=0

These are our Newtonian field equations (again in the Lorenz gauge). The 0i- and ij-
equations actually have very simple solutions: both have the form of Laplace's equations,
which are generally solved by harmonic functions. If we additionally assume our
gravitational field should go to zero at infinity (which it should physically!), the only

- - - - TR _ 1, TR _
possible such harmonic functions are precisely iy = hl-]- = 0.

About harmonic functions: the solutions hgl-R = hil;R = 0 actually come from just

one property of harmonic functions: the minimum and maximum of any harmonic
function can only occur at the boundary of the domain they are defined in. In our
case, if Laplace's equations hold everywhere, then this domain is all of 3D space, so

hgiR and th must have their minimum and maximum at infinity. If both are also

required to go to zero at infinity (a gravitational field should get infinitely weak if we
go infinitely far from the source), the extrema of both must then be zero. The only

functions with a minimum and maximum both being zero are exactly i} = h};R = 0.

So, the unique solutions to the 0i- and ij-equations which decay to zero at infinity are
ho} = 0and th = 0 (though, this is only true if To; = O truly everywhere). To solve

the 00-equation, we should think about what we are actually trying to do here - recover
Newtonian gravity. In Newtonian gravity, gravitational fields can be described by a
Newtonian gravitational potential ¢ that satisfies Poisson's equation:

V¢ = 4nGp
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If we want our solution for the metric to match this, we should have our 00-equation

reduce to exactly this. This then relates hgg{ to the Newtonian gravitational potential:

2, TR _ 161G TR _ 4¢)
Vihg = ———p = ho = ——
c c
. e . . . . . _ Gp(x,) 3.7
The most general definition of the Newtonian gravitational potential is ¢ = — | 5— | a’x’.
x—x

With this, we've essentially solved the field equations for the Newtonian limit: the
solutions are hgy = —4¢ /c? and hy* = h}}R = 0. But we are not quite done yet - these
are components of the trace-reversed perturbation, which was an intermediary definition
we made. To get the "original" metric perturbation /1, we can use the definition

hgf = hyy —nwh /2. For the spatial components /1;;, this gives:

1 1

TR
hi]- = hij — E@h = hj = Eéijh
=0 0jj

If the spatial components are given by these, then the trace h = n“vhw is simply:

} 1 .. 3
h:ﬁhongh,, = —h00+§5%1,-h: —h00+5h = h = 2hgy
-1 5 -3

Using this, we then get for the 00-components:

1 1 2
h(}g{ :hOO_EE(’)E)/h:hOO‘FixzhOO:ZhOO = hy = ——¢

2
—4¢p/c? -1

For the Oi-components, we have just hy; = hgl-R = 0. Our full solution is therefore:
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We've now completely solved for the metric in the Newtonian limit! Collecting our results,
we could write the full metric tensor in a 2 X 2 block matrix (the ij-block being 3 X 3):

2¢
-1-= 0
Quy =1 T _[—1+h00 h()i ]_ 8
O 1 W : . o
hoi—0ij + hij 0 [1 — %] 0ij
Cc

Another quite common way to write this is in terms of the line element:

) ) o
ds? = — [1 + —Z)] c2dt? + [1 — _gzb] Oidx'dx’
c c

One useful special case of this is the spacetime around a spherically symmetric mass
distribution, which has a Newtonian gravitational potential of p(r) = — GM /r, where 1 is
the distance from the center of the mass. The line element would take the form:

2 2 o
d52 = — [1 - GM]Czdtz + [1 + ﬂ] 6i]-dxldx]

C21’ C21"

So, this is how Newtonian gravity, or the Newtonian limit, arises from general relativity - it
all comes from the framework of linearized gravity, which we described here using the
Lorenz gauge. Linearized gravity itself is much more general than just the Newtonian limit,
but we recover Newtonian gravity specifically via the following assumptions:

« Mass density provides the dominant contribution to gravity.
 Velocities are small (non-relativistic), so our spacetime is approximately stationary.

If we don't make these assumptions, then we are not in the Newtonian limit anymore

(though we are still in linearized gravity). Lifting some of these assumptions gives us
what are often called post-Newtonian effects, which we'll take a brief look at next.
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3.2. Post-Newtonian Effects: Lense-Thirring Metric

In the previous section, we saw how mass density provides the most important
contribution to gravity in the Newtonian limit. However, other forms of energy gravitate
too, they are just negligible in the Newtonian limit. In this section, we'll see how Ty; # 0
leads to an interesting, purely relativistic effect called frame dragging sourced by angular
momentum. At the end, we'll get to the Lense-Thirring metric, which describes the
spacetime around a weakly rotating mass (it's also the weak-field limit of the Kerr metric!).

0 ho(x,t) = ?

Our plan here is to assume a stationary spacetime still, so aohw =~ (. This is valid in the
slow-velocity limit, which means our mass must be rotating slowly. We are still also
working in the Lorenz gauge, which is valid for any linearized spacetime.

For the energy-momentum tensor, we'll still assume a perfect fluid with mass density
dominating over pressure (the approximation ;9/1002 ~ (). Its components themselves are
then exactly the same as before: Tpy = pcz, Toi = — pcv; and Tj; = pv;vj + poij.

lin

The velocity components of our source can consist of a linear velocity v; and a rotational

rot _

, =, : :
velocity of the form v;* = (w X r);. If our matter configuration were some extended

body spinning with angular velocity w around an axis, the total velocity of a given point
lin

on this body would be v; = v;™ + v/°". For the Lense-Thirring spacetime, we assume that

. . . . _ rot _ - -,
the source is only rotating but not moving linearly, so that v; = v;”" = (@ X 7);.

In the field equations, we will keep the source term of the 00-equation and now also the
first relativistic correction in the Oi-equations ( o« pv; / c%). We'll still neglect the squared

velocity term and the pressure term in the ij-equations, so vivj/c4 ~ (0 and p/c4 ~ (.

23



: : : : : , : : =
The linearized Einstein's equations will then take the following form, using v; = (w X 1);:

B 161G

VthR = TR 167G
0 c? P V2hoo = - 2 P
161tG
L V2RIR = =22 oo > gz 167G o o
c 0 — 3 i
c

167G 167G

Vzh}}R = — C—4pvl-v]~ - C—4p6i]~ Vzh;gR =~ 0

These are the field equations we should solve to find out how the rotation of the central

mass (a_)) # 0) affects our linearized spacetime. These equations hold for any weakly
gravitating and slowly rotating source, which could be for example Earth.

Now, the 00- and ij-equations here have exactly the same forms as before, so we would
expect them to have the same solutions. They indeed do, so we will have just like before:

2
R _ 4P hoo = — 22
hoy = —— c?
2 = 26
hl-TjR =0 hij = - 0—251']'

The only thing that has changed is the Oi-equation, which will now give us a non-zero hy;

as a result. For simplicity, we can assume that our matter configuration is a uniform
9

sphere (so its density p is constant) rotating with constant angular momentum |. The
solution outside the mass then turns out to be (you'll find the derivation of this below):

2G -
hoi = ho = — W(] X 7)i
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Solution of The Lense-Thirring Field Equation

Our goal here is to solve the 0i-component of the linearized field equations for the

hgiR (the trace-

perturbation components };. The field equations, however, are for
reversed version of the perturbation) but because 1p; = 0 we have in this case that
hg}‘ = ho; — hnoi / 2 = ho;. We can therefore replace the trace-reversed components

with the "original" Oi-components, so the equation we need to solve becomes:

1
W%F:&fﬁzxm
C

To solve this, we need to know what our rotating source actually looks like. We'll
assume here that it is a (uniform) rotating sphere of radius R. A reasonable ansatz for

. . - > L
the solution, based on linearity, would be that /1p; @ T; « (@ X r);. All the directional

. : : - 2 :
dependence is contained in the factor w X r but we don't know how the solution
should depend on r. We should therefore also include a function f(r) in our ansatz:

hoi = f(r)(@ X P);

This is just a guess at what the solution might look like. We now need to verify it
actually works and solve for f(r). To do so, we'll plug it into the field equation, and

using the fact that w is just a constant vector, we can bring it outside the Laplacian:

1671Gp 167sz

> > - >,
VA(F)@ X P)i) = @x7)i = (@x VA7), = (@ P
Now, there exists a general formula for the Laplacian of a "radial function times "
The formula says that the above equation can be written in the form:

X 7);

i [lzz[rzw] . zdf(r>]7 _toncip s
rodr dr rodr | 3

=V2(f(17))
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(a) r)Z

[ df(r)]+gdf<r> @x = 2703
Zdr dr r dr l c3

: =2 : :
Both sides have the same factor (w X r);, so we can reduce this to a scalar equation:

1d [ 2df(r)) 2d4f(r) 16mGp
e U + — =
r2dr

dr r dr 3

Okay, if we can find a solution for f(r) that satisfies this, the our ansatz for h; indeed

is valid. The "trick" is to multiply both sides by * and use the product rule to write:

#[1 z[m] R zm] _ 16nGp 4

r2 dr dr r dr 3
rzm:%m
dr? dr
d? d 1
A fgr)+3r3 f) _ 6773GPr4
dr dr C
_ 4 (r4df(r)] _ l6nGp ,
r dr 3

At this point, we need to solve this twice: both in the region outside the central mass,
where p = 0, and in the region inside the mass, where p = constant (for a uniform
sphere). This gives us two different solutions, fin(r) and fout(r), both of which we find
by integrating once with respect to r, diving by r* and integrating another time:

d in\7
d A f ()] _ 167I3Gpr4 Fnlr) = SRGprZ_i .
< dr dr c _ 5 ¢ 343
Adf out(r C
i 7/4 f t( )) ~0 fout(r): ——3+D
dr dr 3r

Here, A, B, C and D are integration constants. To fix these, we now need boundary
conditions. We'd like fi,(r) to not blow up to infinity at r = 0, which forces A = 0.
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For fout(r), just like in the previous section, we should have f,1(r) = 0asr— oo,
which forces the constant D = 0. These regularity conditions then give us:

8 G
fin(r) = g—c3p7’2 + B
< C
out\?) = — —=
fout(r) 3

Now, for the actual boundary conditions, we should have these two solutions match at
the boundary of our source region, r = R. For continuity, we should also have the
derivatives match at » = R. This gives us two equations that fix B and C, namely:

8 G

fin(R) = fou(R) B= R’
dfin)]  dfou] = | wé;

dr Lz dr |_g C:E_gh5
C

We then have the general solutions for h; both inside and outside our central mass:

i G
h&:fﬂﬂ@X%ﬁ:_gzg{ﬁ_gﬂyax%’rsR
hoi = 1 C

16 nGpR° 1
out __ >N _ [

hoiw = fout(M)(W X F)i = — TR

(@x7)i ,r>R

We can simplify these a bit by using the fact that the angular momentum for a
9
uniform rotating sphere can be expressed as | = 87Ipa)R5 / 15 and its corresponding

> >
angular velocity as © = w]/]=15]/ (87ZpR5) . After some straightforward algebra:

5G 3r* | ~
~ 33 ——2(]X7:>)i,7’SR
. Rl SR
0i =
2G 2
_W(IX?)i ,1">R
cr
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We mainly care about the spacetime outside our rotating mass (r > R). The inside
solution was only needed for fixing the integration constants through boundary
conditions and to relate the solution to angular momentum (which we couldn't have
done without also knowing the interior solution). For the outside region, we then have:

2G >
hOi = (] X r)l

For our uniform, rotating spherical mass distribution, the Newtonian potential has the

form ¢ = —GM /r. Our general solution for the metric in a "block matrix" form is then:
2GM ZG >
-1+ — ——5 (X T)z
¢ _[—1+h00 hoi ]_ c°r cr’
Wl ho o bt hi ) 2G 2 2GM
o Vo (] X 7); [ ]51']'
cr

This is called the Lense-Thirring metric, which describes the spacetime around a weakly
rotating spherical mass. The diagonal components we can see are the same as for the
standard weak-field metric around a static mass. All the new stuff is contained in the off-
diagonal components, which depend on the angular momentum of the central mass.

These off-diagonal components represent a relativistic phenomenon called frame
dragging. To interpret this effect, we can first write down the line element generally as:

ds® = gudx*dx’ = (=1 + hoo)c?dt? + 2hoicdtdx’ + (64 + hij)dx'dx’

2
= |ds? = [—1 + GM] c>dt? —

2

cr

G > ; 2GM
?(] X ?)iCdtdxl + [1 + 5
cr cr

]6ijdxidx7

Next, let's express this explicitly in spherical coordinates, x* = (x x) (ct, 7,0, ). The

dt?-term will remain in exactly the same form. The dx'dx’-term will become, explicitly,
O;dx'dx’ = dr? + r*d6* + r* sin?0dq? (this is just the usual spherical coordinate form).
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What remains is to work out the dtdx’-crossterm in spherical coordinates. To do that, we'll
arrange our coordinate system so that the central mass is rotating around the z-axis. Its

. - N - S, )
angular momentum vector is then | = Je_. The components of (] X 7); become, using

>_ 2 > > . : , .
r=xe tye +ze as the position vector in Cartesian coordinates:

200 > > > > > > > > > >\ > >
]xr—]ezx(xex+yey+zez)—](erXex+yez><€y+Z€Z><€z)—](xey—}/ex)
~————— ~—— ~—_——
¢ ¢ 0
Yy X
Z
(v, 6,0)
» Y

X

9 9 .
In Cartesian coordinates, the contraction (J X r);dx" would then be:

(J x Didx’ = (] x 7)-dZ = (] X Pwddx + (] X Dydy + (] X D)edz = J(—yddx + xdy)

Next, we need to transform this to spherical coordinates. Because this only involves dx
and dy (and no dz), we only need the Cartesian-to-spherical coordinate relations
x = rsin 0 cos @ and y = rsin O sin ¢, which can be calculated using the chain rule:

dx = a—xdr + a—de + a—xd(p = sin 0 cos @dr + r cos 0 cos pd0 — r sin O sin pdp
or 20 dp

J J J
- Y+ Yo+ —yd(p = sin O sin @dr + r cos 0 sin pdO + r sin O cos pd

q
VY R
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> 5 .
Using these now in our expression for (J X r);dx’, we find a bunch of terms cancelling:

(7>< ?)idxi = J(—ydx + xdy)

= J[-r sin O sin ¢(sin O cos @dr + r cos O cos pdO — r sin O sin pdp)
+7 sin O cos @(sin O sin @dr + 1 cos O sin pdO + r sin O cos pdp)]

= Jr* sin?0 (sin?p + cos’p) do
= Jr* sin®Odg

The Lense-Thirring metric, written as a line element in spherical coordinates, is then:

2GM 4G 2GM
ds? = [—1 + T] c?dt? - T] sin?Ocdtdp + [1 +
cr c’r

dr? + r2d6? + r? sin?0dp?
c°r v

If we wanted to, we could express the individual metric components in matrix form as well:

2
-1+ GZM 0 0
cr
0 1+ ZCiM 0
cr
Suv =
' 0 0 1+ 2GM r?
C21”
—476] sinZ6 0 0
c'r

4G
_T] sinZG
c'r

0

0

CZV

[1 + ZGM] r? sin26

The interesting part here are the off-diagonal components gy, which depend on the

angular momentum J. These components represent frame dragging, in which, essentially,
the spin of the central mass drags the entire spacetime around it. If we were to put a
particle in orbit around it, it would get dragged along with the rotation of the central mass.

The hallmark of a frame dragging effect is usually some sort of mixed "time-angle", or
dtdg-component in the metric which we can see here (the same turns out to be true
around a rotating black hole, described by the Kerr metric). The effect is strongest at the

equatorial plane at @ = 7t /2 and vanishes at the poles @ = 0 and 6 = 7.
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10
\__ Free particles are "dragged”

along with the rotation of the
central body

Frame Dragging & Lense-Thirring Precession

Next, we will analyze some interesting effects that appear in the Lense-Thirring
spacetime, including frame dragging, spin-orbit coupling and precession effects.
These effects appear in many other spacetimes as well, so understanding them in our
much simpler, "almost-Newtonian" setting here will be very worthwhile.

With that said, our starting point is to assume we have a particle with mass 11 in the
Lense-Thirring spacetime. Its coordinates, (7, O, ), are described by the equations of
motion (under the assumptions that M, | and the particle's velocity are all small):

.. GM . o 2G :
r= - 5 + 7’62 + rsinzﬂ(pz + 2—£ sinZG(p
r cr

.- 2.. ., 4G] :

10 = - ;1’9+Slﬂ9€089(p - ﬁsmﬁcos@@
. 2G
— | mr® sin®0¢ — Jm sin“0| = 0
dt c’r

These can be derived from the geodesic equation, which will be the topic of Lesson 13.

Here, the dots denote time derivatives, so for example, r = dr /dt and r = dzr/dtz.
The last equation is the equation of motion for the ¢-coordinate, which actually
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describes the conservation of angular momentum of the particle. The quantity
inside the parentheses is defined as the orbital angular momentum L, which we often
write in terms of £ = L / m, the orbital angular momentum per unit mass:

.2 -
€ = 1*sin”0¢p — TG] sin”@, with £ = 0.
cr

This allows us to write @ completely in terms angular momenta in the form:

¢ 2G]
27,3

r?sin?0 ¢
We can see that the angular speed of the particle, (p depends on both the particle's
own angular momentum () but also the angular momentum of the central mass (J).
So, somehow the central mass rotating also contributes to the actual rotation speed of
the particle. This is an effect of frame dragging, which you can interpret as the central
mass dragging spacetime along with is rotation and causing the particle's rotation to
be either sped up or slowed down (depending on the relative signs of £ and ).

Another way to understand this effect is that the particle having zero angular

momentum no longer means it is stationary. If we take a particle with £ = 0, it will
remain at that value because € is conserved. However, even though the particle has
zero orbital angular momentum, it will still have a non-zero angular speed ¢ = w:

. ¢ .\ 2GJ] f;’ 2GJ]
= W= ——
14 r?sin’0  c*r® o2y

The particle can essentially have no angular momentum yet still be in rotational
motion. In more technical terms, we say that local inertial frames, or observers in free-
fall with zero angular momentum are forced to rotate with the central mass. To
actually remain stationary ((p = ()) would require acceleration and a non-inertial frame.

In "everyday" situations, the effects of frame dragging are really small. For example, at

an altitude of 100 km from Earth's surface, we would find @ ~ 4 X 107 571, which
means that in one year, the particle would only be dragged about 0.00007 degrees.
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In terms of the equations of motion, the conservation of angular momentum allows us
to eliminate the @-coordinate if we insert the above expression for ¢ into them. When

doing so, we'll get a term « ]2, which is strictly beyond our weak-field linear
approximation. So, to be consistent, we should discard this term, and get:

. GM -, £ 6GJC
r ———+1r0° + i
< r? P sin’0  c*rt
. 2 . 2
D — 204 54 cos 60
r r*sin®0

The interesting new thing here is the term o [£ in the radial equation. This represents
a relativistic effect called spin-orbit coupling, which produces a "force-like" effect
pushing the particle either radially inward or outward depending on the sign of J£.

We can also take a look at some special cases of solutions to these equations. An
interesting one is an equatorial circular orbit, whichhas @ = t/2andr = a
(constant), so 0=0=+=7+=0.Forsuchan orbit, we could calculate the
corrections to the orbital period T due to frame dragging. For this, it's best to use the
r- and B-equations of motion and define ¢ = w = 27/ T, so they take the form:

g GM . 2 2G
F= ——— +r8° +rsin“0 p° + ]sm29q)
2 N 2yl
. 2. =
0= —--rf+sinfcos 0" - = 3sm60089q)
=0 =

2
o- _GM [2n)  2G]2m
= 1"T "2 "N7) T 2T

0=0

The O-equation here is trivially satisfied, so we have only the radial equation left. This
gives us a quadratic equation for the orbital period T, which has two solutions:

2 3
J a +271]

T =27 + +
M?c* GM  Mc?
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The « ]Z—term is once again beyond our slow-rotation approximation, so we should
drop it. This gives the orbital period - or, effectively, Kepler's third law - as:

3
=N a—iL
GM  Mc?

So, frame dragging also enters as a correction to the orbital period. The solution with
+ here corresponds to a retrograde orbit (against the spin of the central mass, so the
orbital period is slightly longer), and the one with — to a prograde orbit with a shorter
period. In Newtonian gravity, there would be no such split between pro- and
retrograde orbits, so this is a purely relativistic effect. This difference in orbital periods
of pro- and retrograde orbits is sometimes called the gravitomagnetic clock effect.

Another interesting phenomenon can be best understood by looking at a polar
circular orbit. Such an orbit passes above both the North and South poles, so we
could calculate then the z-component of the orbital angular momentum (£) at one of
the poles, for example, at the North pole 8 = 0:

: 2
£(r,0 = 0,¢) = r*¢ sin*(0) — TG] sin?(0) = 0
cr

Because this is a conserved quantity, its value stays the same at all times, so £ = 0
everywhere else along the polar orbit. A circular orbit also has » = 4, and along with
the result that £ = 0 we just concluded, we will get for the ¢-coordinate:

2G
= @(t) = Qt + @, where Q) = —— é
ca cda

4 2G]  2G]
r?sin?0  ?*r® 243

We'll interpret this soon. For the r- and 8-coordinates, we find with r = a and £ = 0:

. GM . £? 6GJC
F=-—+r0%+ + GM .
< r? rsin?0 't 0=+ a6’
.. 2.. (*cosb y g
0= —--rf+— 3 6 =0
L T r*sin” 0
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Notice that all the relativistic corrections are gone from these. Frame dragging around
a central mass rotating around the z-axis only affects the @-direction, so the r- and O-
motion remain unaffected (to first order) in a polar orbit. The solution for 6(t) from

the above equations describes circular motion at a constant angular speed (6(0) = 0):

o) = |——t

So, what do these solutions mean? We start off with a circular orbit at 7 = a in the

plane (0) = @, where the particle orbits with angular speed w = GM /a®.

However, the orbital plane itself (value of ¢) undergoes precession, meaning it

changes over time at a rate () = 2G]/c2a3. Frame dragging causes the entire orbital
plane to shift slowly over time, which is called (nodal) Lense-Thirring precession.

Frame dragging causes the orbital
plane to slowly shift over time — an
effect called Lense-Thirring precession

In Newtonian gravity, nodal precession can happen only if the central body has some
oblateness but not when it's a perfect sphere. Here, however, we've just found that it
would happen even around a spherical body if the body is spinning. Lense-Thirring
precession is a real and experimentally verifiable (though small) relativistic effect.
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4. An Introduction To Gravitational Waves

The next topic we'll discuss are gravitational waves. We already got a hint of how "wave-
like" solutions might arise from the linearized Einstein field equations in the Lorenz gauge,
and the plan for this section is to continue up on that discussion.

In this section, we will mainly discuss gravitational waves as vacuum solutions to the field
equations. | turns out that the Lorenz gauge does not fix such solutions completely, so
there exists something called residual gauge freedom. After discussing this, we will develop
the mathematics for describing the polarization modes of gravitational waves and also
discuss some interesting applications like gravitational wave detectors.

In the next section, we'll go beyond the vacuum solutions discussed here, which involves
solving the full, sourced Einstein field equations with TW # 0. Doing this will allow us to
understand how a given matter configuration may or may not produce gravitational waves.

4.1. The Transverse-Traceless Gauge

Earlier, we derived the general form of the Einstein field equations in the Lorenz gauge
and saw that they took the form of wave equations for the trace-reversed perturbation:

l6nG. . _ o 1M 16nG
T S c*

a TR
d aahyv = = 0y

We can see that the energy-momentum tensor T, acts as a source for whatever
gravitational waves are described by these equations, just like current densities would for
electromagnetic waves. The factor ¢ 2 here represents the fact that gravitational waves
travel at the speed of light. These waves are able to propagate in a vacuum, as the above

equation reduces to a vacuum wave equation when no sources are present: 8“8ah25 = 0.

Now, we don't know yet which components of hB} actually contain these gravitational
waves. To find that out, we need to discuss a feature called residual gauge symmetry.
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The idea is that the Lorenz gauge, a#h}jﬁ = (0, does not actually completely fix our gauge
yet. If we were to do an additional gauge transformation to the Lorenz gauge condition

itself, EE} = hB} - 8H55 — BVEE + 17[”8“55, it would transform as:
O, =0
= ay (h};}'{ - ayéilf{ - avéﬁ + U;/l}aa‘g}v{) =0
pu1, TR Y R _ p R g a R _
= 0"hy —0%0,&y — 0,088 + nwdt 09y =0
=9, =oM&y
= hl —0M0u&y — 00" EL + 0,0 L =0
= 949,&n = oM

The notation EX here stands for a ‘residual’ gauge parameter.

If we now pick this residual gauge parameter to satisfy 8“%55 = (), the above equation

would give us a”hﬁl} = 0 - which means we would still be in the Lorenz gauge, even after
an additional gauge transformation. So, the Lorenz gauge actually allows us to do an
additional but more restricted residual gauge transformation - more restricted because

the gauge parameter now has to also satisfy a wave equation of the form 8“8#55 = 0.

This residual gauge symmetry highlights redundancy in the definition of hw. Originally,
the Lorenz gauge would use up our four independent gauge conditions, which reduces
the maximum number of independent components of hw from 10 to 6. Residual gauge
symmetry means that there is still gauge freedom left, in fact, for imposing four more

conditions on the perturbation. So, it truly only contains 6 - 4 = 2 degrees of freedom.

Sidenote: earlier, when we solved the Newtonian limit in the stationary case, there
was no residual gauge symmetry left. This is because the condition a#aygﬁ =0
reduces to VZER = 0 for the time-independent case, which has the unique solution

55 = 0. So, residual gauge symmetry only appears for a time-dependent metric.

We can now exploit this to bring out the radiative components of gravitational waves. The
appropriate residual gauge choice that does this is called the transverse-traceless gauge.
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What does this gauge do? First, it transforms the trace-reversed metric hg}f to a new
metric, which we'll label as h};vf The 'transverse'-part of this gauge sets hgg = 0 forall ,
which will pick out those components that are transverse (orthogonal) to the direction of
wave propagation. The 'traceless'-part sets h'1 = 17“1715;F = 6%? = 0 (the second
equality comes from the transverse condition setting thT = 0). The trace being zero can

be thought of as a consequence of vacuum gravitational waves being volume-
preserving, so they stretch spacetime along one direction, while squeezing it in another.

Both of these conditions (transverse and traceless) represent physical features of
gravitational waves we expect to be there in any gauge. The TT-gauge just directly brings
out these features, so it's a convenient gauge choice for describing gravitational waves.

( )
The TT-gauge conditions

hgg =0
5"h; =0

. J

In this gauge, the trace-reversed perturbation reduces to h?}} = hg ~h'/2 = hg So,
the trace-reversed and the original perturbation become the same thing in this gauge.

Now, the transverse-traceless gauge only physically makes sense when the dominant form
of gravity is gravitational radiation. This is usually satisfied when we are really far away
from any matter sources, in the so-called far-field region. For this reason, the TT-gauge is
said to be a radiation gauge, and not a global gauge: it's not applicable everywhere, and
it also requires a vacuum region (so, T, = 0) with no static gravitational field present.

Are there any other conditions we need? Well, the TT-gauge is a special case of the
Lorenz gauge, so we of course also need the Lorenz gauge to hold: a#hﬂ = 0. The

v = (0 -part of this is satisfied automatically when hgg = 0, and the v = j -part leads to:

o = niT + T =0 =

=0

This is an additional "consistency condition" we need in order for both the Lorenz gauge
and the TT-gauge to be satisfied.
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Now, like before, we don't need to know the residual gauge parameter that puts us in the
TT-gauge explicitly. Simply knowing one exists is enough to impose it, and this can be
done for any purely radiative metric perturbation. In practice, we usually do it in two steps:

1. Solve the Lorenz gauge (vacuum) wave equation, aaaah?}} = 0, for some initial
trace-reversed metric. This might have the form hT}} ~ cos(k“xa) + sin(k“xa),
hTR

and the Lorenz condition, d# 0, gives you restrictions on its amplitudes.

2. Impose the transverse-traceless gauge, which now demands that:

TT
hoy =0 The transverse conditions
aih}]fT — 0| (the second one comes from the Lorenz gauge)

6ijh;§T = (0 The traceless condition

In practice, these conditions can all be recast as algebraic restrictions on the
amplitudes of the solution from step #1.

4.2. Vacuum Gravitational Waves

In this section, we'll find our first wave solution to the vacuum field equations. After that,
we'll impose the traceless-transverse gauge and see what kinds of additional restrictions
the solution must satisfy. Let's begin by writing the wave equation in the explicit form:

9*uhi =
= (37 + aﬁ + a%)hﬁﬁ - a thins =
c?
Let's try a solution ansatz for this. We'll take hw = €y cos(wt — kz), which describes a

plane wave moving along the z-axis with frequency w = 27t f and wavenumber
k = 21/ A. It has an amplitude €,y that is a second-rank tensor. This tensor is called the

polarization tensor, as it represents the "directions” in which the field hB} oscillates in.
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Plugging this ansatz into the wave equation now gives us:

1
(E)JZC + 85 + 8§)ew cos(wt — kz) — —Zewaf cos(wt —kz) =0
~—— —— C

2

W
= —kzeyv cos(wt — kz) + C_2€“V cos(wt —kz) =0
= w=ck

The wave equation can therefore be satisfied as long as the frequency and wavenumber

are related by w = ck, which is called a dispersion relation. Electromagnetic plane waves,
if you're familiar with them, also have precisely this kind of dispersion relation in a vacuum.

Now, a more "relativistic" way to write our plane wave is to collect both the frequency and
the wavenumber into a four-vector, which has the form k* = (w/c,0,0, k) = (k, 0,0, k),
where w = ck was used. Then, the phase argument of the wave can be written in the form:

wt—kz=—ci—k>= kv +k'v, = k%, where x, = (—ct, 0,0, 2).
C
Reminder; when lowering indices, time components pick up a minus sign from the Minkowski metric,

0:

which is why xy = — X — ct. The spatial coordinates are just x' = x; = (0,0, z).

Our wave solution can then be expressed in this form:

hiy = € cos(k*xq)

This holds for a plane wave travelling in any direction, so we could generally have

kb = (k, ky, ky, k) = (k, ki), with k = \/kiki. Another nice thing about this is that
taking derivatives is now rather simple. Consider, for example, the 07 -derivative of this:
aﬁhﬁﬁ = ewaﬁ CoSs (k“xa) = —€u sin(k“xa) of (k“xa) = — kﬁew sin (k“xa)

~————
koo =kP
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So, any derivative just changes the cosine to a (minus) sine and brings a factor of the wave
four-vector in front. The wave equation itself could therefore be written as:

0%ah i =
= kg€, cos (k“xa) =0

= |k%, =0

This says the wave four-vector is null, meaning it has zero length in spacetime. If you write
this out component-wise, it's equivalent to the dispersion relation w = ck. For this reason,
we say anything moving at the speed of light travels along null paths through spacetime.

Okay, we've reduced the linearized Einstein field equations to just the simple algebraic
relation k%k, = 0. What about the Lorenz gauge? We also need it to be satisfied:

Ol =0
= —ki'ew sin(kaxa) =0

= [k'ew =0

This is basically a "dot product k - € = 0" between the wave vector and the polarization
tensor, which says these two must be orthogonal. This demands that the polarization
modes of a plane gravitational wave should be transverse to its travel direction - €, is

orthogonal to k* . This is a general feature of electromagnetic plane waves as well.

Now, let's explicitly write out the summation over u and use the fact that K'=w/c=k
(from the dispersion relation). This gives, for both v = 0 and v = i individually:

ki
' ' €00 = — —€;
k”eyo = koeoo +k'ejo = kego + k'einp =0 ) 00 k 0
k”em = kOEQi + kjeji = ke()i + k]eij =0 K
€oi = ~ ?61']'

Or, further inserting €g; into the expression for €gg (note that here €p; = €jp):

k'Kl
€00 = k—2€ij
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This tells us that the polarization is entirely determined by €;; - once we know €;; and the

(spatial) wave vector k', we can determine both €0; and €gp and consequently the full
wave solution too. The polarization components €, are therefore actually redundant.

So far, we've only imposed the Lorenz gauge. Let's next impose the transverse-traceless
gauge, which means we set hTT =0and 6i7hTT = 0. For our wave solution, these

become algebraic conditions for the polarlzatlon tensor, namely, eoy 0 and

6”6 = (. We also have condition 9’ hTT 0, which turns into ke l-T-T

ij
all of these, we're left with only the traceless and transverse spatial components h;gT:

= 0. By imposing

e )
The TT-gauge conditions

(for the polarization tensor)

w = ck el =0

kieg;T =0 6”6] =0
\_ _J

U

While we don't need to explicitly solve for the specific éﬁ that puts us in the TT-gauge, it
can be nice to see a concrete example of how this would work. This is worked out below.

Example: Finding a Residual Gauge Parameter In Practice

We should begin by working out the differential equations needed to solve for the

residual gauge parameter in the first place. The transformation of hg}} and its trace are
given by (we derived these in the section discussing the Lorenz gauge):

EZ}/{ = h;l}/{ - ayés - avéﬁ + nyvaagg
ETR — hTR _ 280(55

Now if we want to impose the TT-gauge where hyO =K =0, we require that the

above transformed quantities, with v = 0 in the first expression, should equal zero:
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S LR
=

— 1
BT — TR _ 9ueR = EhTR

These are again partial differential equations we need to solve for the residual gauge
parameter Eﬁ. Because the TT-gauge comes from a residual gauge, we need the
gauge parameter to also satisfy a“aag}} = (. Since any solution 55 satisfying all of

these conditions will work, a convenient choice we could try is 55 =a, Sin(k“xa),

which solves the wave equation when k“k, = 0. Plugging this, and

h;{}} = €w Cos(kax“) from earlier, into our gauge condition equations, we find:

9u&p +0&u ~ Nwd"Ea = hyo

1

aaég — 5hTR

kuag cos (k“xa) + koa, cos (k“xa) — Nuok®a, cos (k“xa) = €0 COS (kax“)
1

k%a, cos (k“xa) = En‘“’ew cos (kax“)
kyao — k&lu — Uyokalla = 6}10
= 1

k%, = En”veyv

We can split the first equation into two separate equations for y = 0 and u = 7, and
also write out the summations over « (here, 7o = 0 and kY = —ky = k):

koao — kag — Tloo (koao t kiai) = €00 —kay + k'a; = €00

kiag —ka; = €;
i i i0 | kiag — ka; = €ig

4 =
k% +kia'—1 He i 1 4
0 1—277 v kao+kai:§ey

:€H

IS

Solving these now amounts to some straightforward algebra. For instance, we can
solve the third equation for k'a;, insert it into the first equation and solve for a,,.
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Then, inserting the result into the second equation and solving for a; would give:

1

| ag = 4_k (€ﬁ —2600)
a 1(kcz )
i = 7\Kilg — €
I 0 0

These now give us an explicit solution for the residual gauge parameter! Choosing
these amplitudes for EE =a, sin(k“xa), with a,, = (ao a; ) is guaranteed to put

us in the TT-gauge. We can check that explicitly, just to be sure:

hoo = hop —30&q — d0&qy + No0d*En
= €Qp COS (k“xa) + kag cos (k“xa) —k'a; cos (k“xa)

= €00 COS (k“xa) + l%eio coSs (k“xa) =0

~——
—€00

iy =l —9iEg — o& + Miod ™ En
= €9 COS (k“xa) —k;ag cos(k“xa) + ka; cos (k“xa)

= €9 COS (k“xa) — k;ag cos(k“xa) + k;ag cos (k“xa) — €0 COS (k“xa) =0

hTT — hTR _ Zaaég
= eﬁ cos (k“xa) — 2kag cos (kaxa) — 2k'a; cos (k“xa)
= 2¢€(p COS (k“xa) +2 I%e,-o cos(kaxa) =0

——
—€0o

44



4.3. Gravitational Wave Polarization Modes

Let's now analyze the general relations we've found for gravitational plane waves. We can
pick a wave travelling in the z-direction, so the wave vector has the form k' = (0, 0, k)
(and k* = (k, 0, 0, k) from the dispersion relation). The choice of propagation direction is
arbitrary, but specifying one explicitly just makes things much more concrete. With this
choice of wave vector, the transverse-traceless conditions take the following form:

egE:O
i ITT _ T _
k€i]' =0 > €Z]'—O

51]€5T =0 = ey +ey ten =0
The first two sets of conditions imply that any time- or z-components of the polarization

tensor are zero, so the possible polarization "directions" are transverse to the z-direction.
So, the perturbations the gravitational wave causes as it propagates occur in the xy-plane.

What about the traceless condition? With the transverse condition implying eZTZT = 0, the

tracelessness gives us e;/ryT = — eg If the wave had, say, polarization in the x-direction

(so, its amplitude oscillates in the x-direction), it must also have an equal but opposite

polarization component in the y-direction. Essentially, a stretching of spacetime in one
direction has to be accompanied by an equal squeezing in the "perpendicular” direction.

A gravitational wave stretches and
simultaneously squeezes spacetime in the
plane transverse to its propagation direction
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We will denote here eExT = €, and €E = € for reasons that will become more clear

soon. The full polarization tensor, written as a 2 X 2 matrix, then takes the form:

0 0 0 O
62;3: 0 €+ €x 0
0 ex —e+ 0
00 0 O

We can see that there are only two independent components, which are encapsulated in
the two polarization modes, €+ and €. The metric having only two physical degrees of
freedom is a result of the residual gauge symmetry we discussed earlier.

In electrodynamics, we find something similar in that residual gauge symmetry
forbids a "longitudinal” polarization state for electromagnetic plane waves. In
quantum electrodynamics, this means that photons only have two possible spin states
(+1 or -1, but not 0!). In theories of quantum gravity, residual gauge symmetry
similarly would prevent the graviton from having any other spin than +2 or -2.

With the polarization tensor for these gravitational waves solved and the perturbation

given as hH = eH cos(wt — kz), we can then write down the full spacetime metric as:

-1 0 0 0

B | 0 1+e,cos(wt—kz) excos(wt—kz) O

Suv = M+ = 0 excos(wt—kz) 1-e€;cos(wt—kz) O
0 0 0 1

Let's now try to interpret what these two polarization modes actually describe. Why do we
label them with "+" and " X "? Well, these labels come from simply how the deformation
patterns of the two independent polarization modes "look" like - a plus or a cross. The
diagonal cosine-terms here represent a plus-polarized wave and the off-diagonal ones a
cross-polarized wave, hence the notation €, and e€x for their amplitudes. The metric we
have here represents a wave that is a general combination of both polarization modes.
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To better understand these, we can write down the metric perturbations for both
individual polarizations, so one gravitational wave that is purely plus-polarized and one
wave that is purely cross-polarized. We get these simply by setting e, = 0 or ex = 0:

r N
Plus-polarized gravitational wave (ex = 0, €, # 0):
0 0 0 0
P 0 e+ cos(wt - kz) 0 0
1o 0 —e4 cos(wt —kz) 0
0 0 0 0
- J
4 )
Cross-polarized gravitational wave (e, = 0, ex # 0):
0 0 0 0
- 0 0 ex cos(wt —kz) 0
0 ex cos(wt - kz) 0 0
0 0 0 0
- J

These define the two transverse linear polarization modes of a gravitational wave. We
can compare them to a linearly polarized electromagnetic wave along the z-direction. If

2 5
the wave is linearly polarized in say the x-direction, its electric field is E « e . Alinearly

polarized gravitational wave does not have just a single polarization "axis", rather its linear
polarization involves tensor products of basis directions, for example, for a plus-mode:

2 > > > 5> >
E = Egcos(wt —kz)e, & h = e, cos(wt—kz)e ®e — ey cos(wt— kz)ey ®e,

The difference to electromagnetic waves is simply that gravitational waves are not vector
fields but tensor fields, so they don't have a simple "polarization axis" along any one
direction. Instead, a gravitational wave requires two axes to oscillate along simultaneously.

To understand what these polarization modes do, we can look at the line element, ds?,
which describes the coordinate-invariant distance between two nearby spacetime points.

47



Let's begin with a purely plus-polarized gravitational wave, which has the line element:

ds® = gudxtdx” = (N + hy)dxtdx” = = c*dt* + (1 + hn)dx® + (1 + ha)dy + dz’

= [ds? = -2t +[1 + e cos(wt —k2)Idx +[1 - e cos(wt - k2)ldy? +d°)

Initially, at z = t = 0, this gives (1 + €, )dx? and (1 — €, )dy? at the same instant. These
terms represent how lengths along the x- and y-directions are scaled, so the x-direction
gets stretched by an amount €, and the y-direction squeezed by the same amount. As
time (and z) passes, this "squeeze-stretch" pattern will oscillate in a plus-shaped pattern:

Points along the
diagonals remain at a
constant distance

—

Points along the principal axes
oscillate between 1-€. and 1 +e€.

The cross-polarized wave behaves in the same way but with its pattern rotated by 45°:

Points along the
diagonals oscillate in

j/—\/ an "x-shaped” pattern

Points along the vertical
and horizontal axes
remain at fixed distance
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These depend on the orientation of our coordinate axes, so what looks like plus-

polarization in one coordinate system might look like cross in another. What matters is
that there are two orthogonal polarization modes, but not really which is defined as which.

We can also have any kind of combination of these two linear polarizations where both
€+ # 0 and ex # 0. One such special case is called a circularly polarized gravitational
wave, which contains an equal amount of both linear polarizations, so €, = €x = €:

This can be interpreted as a rotating ellipse, so there is no "up-down" oscillation pattern:

The most general type of plane gravitational wave is an elliptically polarized one, which
is like a rotating ellipse but with some amount of "up-down" oscillation as well. The metric

0 0 0 0
0 ecos(wt—-kz) ecos(wt—kz) O
0 ecos(wt—kz) —ecos(wt—kz) 0

0 0 0 0
0 0 0 0
0 ecos(wt—kz) 0 0
0 0 —e cos(wt —kz) 0
0 0 0 0

Yy

+

o O OO

0
0

€ cos(wt —kz)
0

perturbation for this would be the same as above but with €, # €.

So far, we've analyzed gravitational waves by picking the direction of propagation along

0 0
€ cos(wt —kz) 0
0 0
0 0

the z-axis, however, everything discussed here would work the same for any other

propagation direction. Later, we'll build a more general approach to describe this stuff,
but before that, we can now take a look at an application: gravitational wave detectors.
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4.4. Application: Gravitational Wave Detectors

Gravitational waves have been known about for a long time, but when they were first
discovered, there was doubt if they could ever be detected due to their amplitudes (our
€.4/x) being so small. Indeed, it took almost a century for the first direct detection of a
gravitational wave (in 2015), with many more having been detected since then.

An interesting question to address is, how are these gravitational waves actually
measured? We know that gravitational waves cause length changes, so at first glance, the
answer would appear to be just "measure the change in length caused by such a wave".

But there is a problem: you cannot just go in with a ruler trying to measure such length
changes because a gravitational wave passing by would also deform your ruler. There is
no direct way to measure a length change if every local length changes simultaneously.

Currently existing detectors, such as LIGO, are instead based on laser interferometry.
These measure the length change caused by a gravitational wave from an interference
pattern of two laser beams, which can be measured unambiguously (either you have an
interference pattern or you don't!). All kinds of information about the gravitational wave
itself can then be extracted from this interference pattern.

Next, I'd like to walk you through how this process happens through a simplified example.
We'll first look at the theory behind these laser interferometers and then how they relate
to gravitational wave polarization patterns and the detection of these waves.

A laser interferometer for detecting gravitational waves should consist of two
perpendicular arms that the laser beams travel along. This is because the oscillations a
gravitational wave causes are maximal along the two perpendicular directions its
polarization consists of. Below is roughly what one of these interferometers could look like.
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Beams recombine again,
and form an interference pattern

Let's go through how this works. First, a laser beam is sent out to a beamsplitter where it
gets splits into a reflected beam and a transmitted beam. A beamsplitter can be
something as "simple" as a block consisting of many dielectric layers with suitably chosen
permittivities. In our setup, we want the beamsplitter to be "50/50", meaning the incoming
beam is split in half (equal power goes into both the reflected and transmitted beams).

The beamsplitter is usually engineered so that the reflected beam also picks up a phase
shift of 90° compared to the transmitted beam. After the beamsplitter, we then have two

equal amplitude beams along both arms, with a relative phase difference of 90° (i.e. 77/ 2).

As the laser beam now travels along a given arm, it picks up a phase that depends on the
length of the arm, say €, and the wavenumber k = w / ¢ of the laser (which is an
electromagnetic wave). Each beam bounces off the mirror and travels back the same path,
so the total phases accrued along the arms are 2k¢, and 2k{,,. Both beams then go
through the beamsplitter again to combine at the detector side. The beam along the y-
arm picks up another 90° phase shift here, so it is now out of phase by 7T compared to the
other beam. The total phase difference as the beams combine at the detector is then:
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The detector then measures the total intensity of the combined beam, which is what we
call an interference pattern. Depending on the phases of the two beams, they can
interfere contructively or destructively, and the detector is only able to measure this total,
interfered beam. The (normalized) interference pattern in this setup can be derived to be:

2k(€x — €,) —
I:COSZAZ—(P:COSz[ ( Zy) i

] = sin’[k(Cx — )]

The purpose of the 90° phase shifts is to turn the cosine here into sine. The total intensity
of the return laser now depends on the length difference of the arms. When there is no
gravitational wave, we ideally don't want to detect anything. This is achieved if we choose
the arms to have equal length, £, = {, = {;,. When this is true, the resulting measured
intensity will be zero, so the beams interfere destructively and cancel out at the detector.

What happens then when a gravitational wave passes by? By its polarization pattern, it will
periodically stretch one of the arms and squeeze the other. This causes a non-zero length
difference, £, — €, # 0, and therefore also a non-zero measured intensity at the detector.

Let's now consider a plus-polarized wave arriving along the z-axis, with the detector setup
in the xy-plane at z = 0. We can take its plus-pattern to align with the detector arms.

1+Acos(wt) O o
o 1-Acos(wt) O
o o 1

The amplitude of the plus-polarized gravitational wave is denoted as the arbitrary constant A here.
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The two relevant components of the metric at the detector plane (z = 0) are given by:
z=0

g11 =1+ Acos(wt—kz) =1+ Acos wt

g2 =1-Acos(wt—kz) =1- Acos wt

We can calculate the length change caused by this wave on the two arms from the line
element. At some particular time instance, the lengths of the x- and y-arms are given by
integrating the line elements along these directions:

o o o
{, = . dsx:j; glldx:fo \/1+Acosa)tdx

to to to
fyzﬁ dsy:fo \/gzzdy:f(; \/1—Acosa)tdy

We'll assume that the amplitude A is approximately constant across each arm (which is a
good approximation as the wavelengths of measurable gravitational waves are on the
order of ~ 100 km or longer, whereas the arms of e.g. LIGO are "only" about 4 km long).

We also assume that A is small, so the square roots can be Taylor-expanded to first order:

¢ ¢
0 0 A (oA
fx:j; \/1+Acosa)tdxzj; 1+Ecosa)t]dx:€o+OTcosa)t

fo 50 A foA
ty = \/1—Acosa)tdyz 1-—coswt|dx = €o — — cos wt
= Jo 0 2 2

Because of this minus sign in £, these lengths are notably not equal anymore due to the
gravitational wave passing by. The measured intensity profile at the detector is then:

. 2 .2 oA
[ =sin“[k((, —(,))] =sin“|k|{y + ES cos wt —
= sin?(k€o A cos wt)

In any currently existing interferometer setup, the gravitational wave amplitude A is many
orders of magnitude smaller than k€, = 2mt€y/ A (with A the wavelength of the laser).
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We can therefore use the small-angle approximation sin?x = x? to get, finally:

[I(t) ~ (klyA)> cosza)t]

What does this tell us? Well, the intensity profile at the detector is now time-dependent.
This is the main idea behind any gravitational wave detector: a gravitational wave passing
by causes a detectable, time-varying interference pattern. The amplitude of these
oscillations depends on the properties of the interferometer setup (laser wavenumber k
and "equilibrium" length of the arms €) and on the amplitude of the gravitational wave.

Also, the intensity profile, I(£) o cos?wt, has twice the frequency of the gravitational wave
(because cos?wt varies two times "faster" than cos wt), so half the period. This makes
sense because the detector itself is blind to which arm is longer and which one shorter at
any given time - all it can see is the difference in arm length. This means then that, per
gravitational wave period, there are two peaks in the intensity profile, one corresponding
to the x-arm maximally stretched and one to the y-arm maximally stretched, respectively.
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Real gravitational wave detectors like LIGO and the planned space detector LISA, are
generally more complicated than our "toy" example here. For one, they have more
complicated intensity readout methods. Because the amplitudes of gravitational waves

passing by Earth are tiny (on the order of ~ 1072! m), many signal processing schemes
are needed to distinguish actual gravitational waves from noise. For example, there are

methods to make the intensity readout o« A cos wt (and not its square).

Another clever techniques is the use of resonator cavities. These are structures that allow
the laser beam to bounce many times over along both arms before arriving at the

detector. This has the effect of making the effective phase difference A¢ much larger.
4.5. Wave Frames & Polarization Basis Vectors

In this section, we will develop a more general framework for describing gravitational
waves and their polarizations. This framework will turn out very useful when we get to
computing gravitational waves from sources towards the end of this lesson.

Our goal, ultimately, is to extract the transverse-traceless (the "physical") part and the
two polarization modes of a gravitational wave from a generic metric perturbation hij.
This only requires knowing the direction of wave propagation (the wave vector

components k'), since we already know that the polarizations are transverse to it.

Our approach relies on constructing a wave frame, which is a basis {4, p, k} consisting of

the wave propagation direction k (a unit vector) and two orthogonal transverse basis

vectors 4 and p. The unit vectors 4 and p are sometimes called the transverse
polarization basis. The metric perturbation we know is transverse, so it has no

components along the k-axis. The here is to pick a basis "adapted" to the wave itself:

t,
q

»
oy 3
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So, one of our coordinate axes is fixed by the wave propagation direction - but how do we
choose ﬁ and ;5? Well, their components c]i and pi should satisfy the following properties:

« Normalization: qiqi = pipi =1
- Orthogonality: gip' = 0
« Transversality: gik' = pik' =0

As long as these are satisfied, we are essentially free to choose 4 and p however we see fit.

o T . o
For example, for a wave travelling in the z-direction, k = e, a convenient polarization

. . a2 A : : :
basis choice could be justg = e_andp = e, (this is what we had in the previous section).

Now, we know that gravitational waves are always contained in the transverse-traceless

part, h;gT, of the spatial components hl-]-. We could split hl-]- as hj; = hgT + (other stuff)l-]-,
so into the transverse-traceless part (which is what we want) and "(stuff);;" containing its
trace, longitudinal components along the wave propagation direction and other things.

We further know that the transverse-traceless part should consist of two independent
components: the plus- and cross-polarization modes. In fact, the whole purpose of

constructing our {4, p}-basis is that, in this basis, the TT-part would take the form:

he hyx O
hij' = | hy —hy O
0 0 0

The question now is, how do we extract the h;‘?T—part from a generic set of spatial
components hl-]-? We can begin by writing the above matrix representation in the form of

tensor products between g and p (generally, for example, (§ ® 7);j = g:q,). as follows:

hy hx O
hij' =|hx by 0| = (1 ®G-hp®P + i ® P + hyp ® )y
0O 0 O
=h: (®9)ij —he POP)ij +hx (RP)ij +hx (P®])ij
— ~—— ——— ———
=qiq; =piP; =qip;j =piq;

= he(qiq; — pipj) + hx@ip; + piq;)
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Any metric perturbation hij in this wave frame basis is then going to take the general form:
hij = hy' + (stuff)ij = he(qiqj = pip) + hx(qip; + pig)) + (stuff)
We could now consider contracting both sides with, say, qiqj - pipj. The (stuff);;

contains things like trace terms of the form Tr(h;;);; or terms proportional to k;, which
are zero by the normalization and transversality of g; and p;. Schematically, we would get:

(99 - p'p!) (stuff); o« ('’ = p'p)) (05 + k) = g'ai - p'pi +a'a'ki —p'p'ki =0

=1 =1 =0 =0

We can similarly calculate what contractions of the terms in front of . and h, would give:

(9’ =p'P) @iaj—pip)) = a'a: 4’9 — aw’ p'a; - a'pi 'pj + p'pipp; =2

A o= 2= = A
(94’ =p'P) @ipj +piaj) = g'a: A'pi + 3'pi 4'9; - P'ai plpi — p'pi Pl =0
=1 =0 =0 =1 =0 =1 =1 =0

So, if we apply this contraction to a general hij, we would conveniently end up with:
(@'~ p'pV s = (' = p'p) | @i pipy) + By + pigy) + (stutf) | = 20,

We can therefore extract the plus-polarization component directly from hi]' as:

1, ..
he = >(g'q" = p P])hij]

If we instead were to contract h;j with qipj + piqj, we would find:

(9'p! +p'g)) by = (4'p! + p'q)) [h+(qiqj —pip;) + ho(@ip; + pi;) + (Stuff)ij]
= hy (4’0 +p'0) @a; = pip)) + o (@' +P'0) @ipy + piay) + (4’0 +p'0)) (stut); = 20,

v
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Then, dividing by 2 on both sides gives us the cross-polarization component:

1, .
hx = 5(‘7 pl+p'q)hy

Okay, let's take a step back - we have some set of spatial metric components ;;, which
can essentially be anything (usually computed from the Einstein field equations). By our
framework here, we can extract the plus- and cross-polarization components /1, and hy
directly from this arbitrary hij by contracting it with the wave frame basis like above. Once
we know K, and hy (i.e., the two physical degrees of freedom of a gravitational plane
wave), we can build the full metric perturbation from them by the formula from earlier:

- hy hx O
i = he(qiq; —pipj) + h<(qipj + piq)) = | hx ~hy 0O
0 0O O

We could even write the TT-perturbation directly by just plugging the above expressions
for hy and hy into here (note the replacement of the dummy indices i, j with m, n):

1 1
bt = 2 (@"a" = p"p" Yhon @ig; = pipj) + 2 (4" + 94" Y ho @ip + pi)

1

=3 | (ama" =p"p") @iai = pip) + @+ "0 Gy + i) o

You might see this expression in the literature as the transverse-traceless projector:

mn 1 m_n mn m,n man
[Az-]- - 5[07 9" =p"p") @i; - pip) + (q"p" +p"q )(qipf+Piqz‘>]]

Using this, the transverse-traceless perturbation is then directly h};T = Af;mhmn. This is
really just a different (but equivalent) way of applying the transverse-traceless gauge to h;;
because the TT-projector satisfies kiAZ-m = 0 and 6ijAZ7” = 0 (the TT-gauge conditions).
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We've now developed a more or less general framework for extracting the gravitational
wave part from any metric perturbation. We'll use this approach later in this lesson.

N

1. Define the wave frame, meaning a basis {4, p, k} where the wave propagation

A ->
direction is k = k / k. There are many valid choices for the polarization basis {4, p}.

2. Extract the plus- and cross-components from the general metric perturbation hi]-:

1, . .

he = 5(61 g -p'p)hy
1, &

hx=§(qpf+r)q])hzj

3. If needed, the full gravitational wave metric can be constructed as:

1 0 0 0 00 0 0
0 1+hs hy O 0 Iy hx O

, = , hT;F: + X ,'hhT;r: + X '
Swv =M Tl =49y oYM T 0 ny —h. 0
0 0 0 1 00 0 0

You can also get the TT-metric directly from h;gT = Athmn. Usually, you'll want

the l14+ and hx components anyway, so the first method may be more practical.

Example: Extracting Transverse-Traceless Gravitational Waves

To put this procedure into more concrete terms, we can look at a simple example.
Let's say someone hands us a metric perturbation with spatial components of the form:

Al A Az
hi]' = A1] COS(C()iL — kZ), where Al] = A21 A22 A23 .
Az Az Aszs
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This describes a "wave-like" perturbation propagating in the z-direction, however, we
don't know yet if it actually represents any physical gravitational wave. These are
contained in the transverse-traceless part of hjj, and this certainly contains a bunch of
additional junk. Our goal now is to extract those physical degrees of freedom from
this.

Ao
We can first see that the propagation direction is k = €, so defining the polarization
A ey % 9 . . .
basis {g, p} = {e_, ey} is a very natural choice for this problem. The components of

our polarization basis vectors are now simply g' = (1,0, 0) and p' = (0, 1, 0).
We can now extract the plus-polarization mode from our general /1;; as:

Log s g
he = E(q q - p'p!)hij

1
= 5[(q1q1 —p'p" )+ (7'9° - p'p*) e + (4°0" - p*p ") ha + (4797 —Pzpz)hzz]

1
= E(An — Apy)cos(wt — kz)
Similarly, the cross-polarized mode would end up as:
1, . . .
hy = E(qlp] + qu]) hij = Ap cos(wt — kZ)

So, our general /1 contains a whole bunch of different components, but the actual
physical, gravitational wave part of it is given by:

A —Ax
hy hx O — cos(wt — kz) A1z cos(wt — kz) 0
hij' =|hx <he 0= An—A
g X + 11 )
A cos(wt — kZ —— cos(wt — kZ 0
0 0 0 12 COS( ) > (wt — kz)

The general process is simple like this as long as we are able to construct the wave

frame {4, v, k} in a usable way - that's really what all of this relies on.
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5. Sources of Gravitational Waves

So far, we've seen how gravitational waves arise as vacuum solutions to the linearized
Einstein field equations. Their physical properties, such as their independent transverse
polarization modes, are ultimately revealed by imposing the transverse-traceless gauge.

The question now is, how are such waves created in the first place? Well, like any
gravitational field, gravitational waves are also produced by a matter distribution, so the
next step would be to solve the field equations in the presence of a matter source.

The plan for this section is as follows. First, we'll develop some intuition for the fact that
gravitational waves are produced by matter configurations with a time-varying
quadrupole moment. After that, we'll derive the quadrupole formula as a solution to the
linearized Einstein's equations. It is what allows us to calculate gravitational waves from a

source in the far-field region and connects the source T, to the perturbation hg
5.1. How Are Gravitational Waves Produced?

Gravitational waves are created by a source with some energy-momentum tensor T ;.. For
gravitational waves specifically, we often assume the source itself to be non-relativistic
and contained inside a well-defined region (a so-called compact source). These types of
sources are mainly described by their mass distribution, p(x, t), and its time derivatives.

The idea then is that any mass distribution can be characterized by so-called moments
(the theoretical construct behind this is called a multipole expansion). These moments
represent higher-order corrections to the gravitational field, and each takes into account
the (possibly) asymmetric and uneven shape of the mass distribution p(x, t):

« The monopole moment, M = ff pdV, simply measures how much total mass
(or rest energy) there is in the source region.

+ The dipole moment, d; = fffpxidV, is a vector quantity that describes how the
mass is distributed along one direction. It's the same thing as the center of mass.
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* The quadrupole moment, Q;; = ff px;x;jdV, measures how much the mass

distribution deviates from spherical symmetry, so roughly how "elliptical” the
distribution is. A perfectly spherical mass distribution - e.g., a point charge - has
zero mass quadrupole moment (though this also depends on the choice of origin).

So, if we have any arbitrary clump of matter described by p(x, t) inside some region, its

gravitational field can be written as a series expansion like "Field ~ M +d; + Q;; + ... ™

e T .
© @

4 N\ \ [ )
At the lowest level of The first correction, the The quadrupole
precision, any mass dipole moment, moment measures
distribution can be measures the offset of deviation from spherical
described as a point mass — the mass distribution symmetry — it describes
this is what the monopole from the center of mass the asymmetric shape of

X moment represents ) ~ o . the mass distribution )

As far as where the names of these come from, they roughly describe the number of point
masses needed to construct the corresponding moment. So, one point mass would
constitute a non-zero monopole moment, two masses likewise a non-zero dipole moment
and four masses arranged in the right way a non-zero quadrupole moment:

Dipole moment Quadrupole moment

o

Monopole moment ]

® o3

\
dy# d,

Because the dipole moment of a mass distribution describes the center of mass, we could always make
it vanish mathematically by choosing our coordinate origin appropriately (the center-of-mass frame).
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Gravitational waves are fundamentally related to the quadrupole moment as it captures
the "ellipticity" of a mass distribution, which is also how the polarizations of gravitational
waves look like. The above are static multipole configurations, but to produce waves, we
need something that changes with time - a time-varying quadrupole moment.

In fact, the connection between quadrupole moments and gravitational waves is much
more intuitive than many textbooks make it out to be. The polarization of a gravitational
wave is itself basically a time-varying quadrupolar pattern. It stretches one direction
while simultaneously squeezing another, which generates an asymmetry between the
two directions. That is precisely what a quadrupole moment characterizes.

What does a time-varying quadrupole moment then look like? Well, there are many ways
to generate one: for example, we could take the static quadrupole configuration shown
above and have the masses oscillate out of phase. We could also take a mass dipole and
make it spin. In both cases, there is now a quadrupole moment that changes with time:

Notice how the first diagram already looks a lot like a plus-polarized gravitational wave? The second
one, in fact, depicts a circularly polarized gravitational wave, which is essentially a rotating ellipse.

So, to produce the plus- and cross-patterns of a gravitational wave, we need a source
whose quadrupole moment changes with time. Time-varying monopole or dipole
moments cannot generate an asymmetric polarization pattern with simultaneous
stretching and squeezing along two directions, which is what a gravitational wave requires.
There is, therefore, no monopole or dipole radiation in general relativity.

In the following sections, we will ultimately derive a relationship between the transverse-
traceless part of the metric perturbation and second time derivatives of the quadrupole

moment of a mass distribution, h}}T @ Qij, which is the so-called quadrupole formula.
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5.2. General Solution of The Linear Field Equations

If the sources of gravitational waves are taken into account, so T, # 0, the linearized
Einstein field equations in the Lorenz gauge have the form of a sourced wave equation:

167G

N

To find out how - or if - a mass distribution produces gravitational waves, we need to
solve these equations. The nice thing is that there is a general solution to them. At this
point, I'll just tell you what this solution is and we can discuss its meaning thereafter:

4G T(t— X-X c,x’
S = 2 (] o || 1ex)
c

X-¥|

The way to "derive" this would be via Green's functions, which we won't cover further here. If you want
to learn more, my book Field Theory For The Non-Physicist covers them in greater detail.

Let's go over the key features of this. First, it's given by a volume integral over the source
region, which is denoted in the integration variable x’. You can think of the source
consisting of many point sources, each located at x” and with energy-momentum tensor
evaluated at that point, Tw("" x"). Each source point produces a contribution that scales

. 4 _)I
inversely with distance to that source point. This is encapsulated in the factor 1/ |x — x’|.

> 5
The time-dependence appears in the form t — |x — x”| / c. We saw a similar expression for
the vacuum wave solutions, wt — kz = w(t — z/ ), which, intuitively, represents a time
delay due to the finite propagation speed of any gravitational effect. The gravitational

field produced by a source point located at x” only "appears" at the observation point x a

time At = |9_c)— ;’I / ¢ later. This is locality built directly into the field equation: changes in
the gravitational field are not instantaneous, but propagate at the (finite!) speed of light c.
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Observation point at
time t and position x

Source point at time
t-r/c and position ¥’

Origin

One noteworthy point is that this solution relies on the linearity of the field equations,
meaning the total gravitational field can be obtained by summing up the contributions
from each point source. This only works because we're working under linearized gravity,
not the full non-linear general relativity. An explicit solution like this is a very special thing.

Unfortunately, the solution as written above is still quite complicated to do much with
analytically. To make progress, we'll apply something called the far-field approximation
(this term is quite commonly used in antenna theory, though it's appropriate here too). It
assumes that our observation point is very far from the source region, which is actually
very reasonable as any gravitational waves we're able to detect come from sources many
millions of light years away. By any estimate, that can be assumed being "far away".

> -
Mathematically, the far-field approximation sets |x| > |x’|, in which case the factor

> o . > o, > . .
|x — x"| can be approximated as |x — x’| = |x|. This basically means that from very far
away, the source just looks like a "blob" approximately localized at the origin. Denoting

9
|x| = r as the distance from the source ( = origin) to our observation point, our solution
now takes the following form (7 can be brought outside as it's not part of the integral):

4
R (t, x) = £ f f f Tt —1/c,x)dV’

The far-field approximation also ensures we are in a vacuum far from any matter sources.

Therefore, the perturbation hB} shown here represents a vacuum solution.
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The idea is that our source, defined by T ,,,, produces a gravitational field everywhere, and
that field far outside the source can be calculated from what lies inside the source region
by the above integral. This is how we connect gravitational waves to what produces them.

About higher-order corrections: while the far-field approximation is valid in most
practical scenarios, it's still an approximation, so there are corrections to it. What do
these corrections look like? The key idea, as with almost anything in physics, is to

5> o
Taylor-expand. The quantity |x — x’| is a vector length, which can be calculated as:

> > >,12
2x - x’ x’

B2 =VE-) G- =V B2+ 7 P=r 1-2Z2 X
1’2 1’2

=J

- > - >, o : .
Here, |X|?> = X-X = r? and |X'|? = X" - X’ are just the usual definitions of vector length.

5> o
Now, the most significant correction comes from the term 2x - x”/ 12, as this is on the

4 4 .. . .
order of ~ |x’| /7. The other term, |x"|?/¥? is tiny in comparison when 7 is even
somewhat large. So, we can drop this term and write:

> o
Before any further Taylor-expansions, note that the factor |x — x”| appears in two
different places in our source integral: in the denominator in the integral and also in
the time-dependence of T',.. This is important because the series expansion for these

scale differently with 7, namely by (1 +x)™2 =~ 1-x/2and (1 +x)"?* = 1+x/2:

12%-¥ X-x

| =
1273 _1 2%
2 2 r =
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> > _
We can see that the first higher-order correction in 1/ |x — x’| is on the order ~ r 3,

_ .2, N
which again is tiny compared to the r Ltermin |x —x'|. A good approximation that
5> o
incorporates the next most important correction is given by taking 1/ |x —x"| = 1/,
> > > >
but |[x —x"| = r—x-x"/rin the "time delay" term:

5> >
4 JE=x—=x"|/c x
TR_ fof Tin( |_) _)|/ ) ff T#V[t__+xx x]dV’
|x — x’| rc

> 5
We're not done yet. The term x - X" / rc is still generally small compared to 7/ ¢, so we
can do another Taylor expansion. If we have some function f(z) and we add a small

number Az to its input argument, then to first order, the function can be expanded as:
d
f(z+ Az) = f(z) + d—fAz
Z

For this energy-momentum tensor, we replacez — t—r/c, Az — X- ;’/rc and
d/dz — 0/ 9t such that:

r J? . 3?’ , r o, aTyv J_C> J_C>’
Tyv ’ =X Tyv = =, | ar
C rc C t-rjc TC

We can suppress the arguments of these for now, but just note that everything should
be evaluated at the spacetime point (t —r /¢, x”). This gives us then:

R 4 fff[ uvx x]dv,
, 4G d _—
Trff T,,dV’ + 2dtfffTWx xdv

The second term here represents the first higher-order correction to the metric. The

5> o

integral has a factor x - X, which roughly accounts for shape variations across
different parts of the source. These each contribute to the gravitational field at slightly
different times, and the total delay effect appears as a time derivative.
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5.3. The Quadrupole Formula

We now have the general far-field solution to the linearized field equations expressed as
an integral over the energy-momentum tensor. In principle, we can use it to calculate the
gravitational field produced by any source object. Still, to actually calculate the metric
from it, we would have to know all components of the energy-momentum tensor:

4
haX = ff ToodV, hiR = f [[[ roav. PR = 2 [[[ Toav
r cr

Note: we've replaced AV’ — dV (ie. d3x” with d>x) to make the notation a bit less cluttered.
In practical scenarios, we often don't have this much information about the source. For
example, we might only know its mass (Tgg) through astronomical observations but not

much about its internal structure like internal pressure, stresses or momentum flux (Tl-j).

Luckily, there exists a useful result known as the tensor virial theorem, which states that
for isolated sources, integrals of the momentum density and flux components, Ty; and Tj,
can be calculated from time derivatives of integrals involving Tyy and coordinates X;:

p
ff ToldV— ———fffTOQXdV
1 d°

Ti-dV———fffT x;x:dV
kff ! 2¢2 dt? o

~

Derivation of The Tensor Virial Theorem

Deriving the tensor virial theorem is not too difficult but it does rely on a few tricks
that seem a bit obscure at first. The starting point is to consider the divergence of the
quantity T},,,X; Xj, which can be calculated with use of the product rule:

am(TkmxiX]‘) = E)’”Tkmxixj + Tkma’”(xix]-) = amTkmxix]- + Tkmamxix]- + Tkmxiamx]-
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These partial derivatives of coordinates give us Kronecker deltas, by definition:

X
amxi = = 5?1
X,

Our expression above then becomes:

0" (Tkmxixj) = 0" Tkmxixj + Tkm0" xixj + Tkmxi0™ x;
= 0" TrmXixj + Tkméﬁ’”x]- + Tkai(S;”
= amTkmxixj + Tkix]' + Tk]’Xi

Next, we'll take another divergence of this, which by similar steps gives:

akam(Tkmxl-x]-) = ak (amTkmxl-x]-) + ak(Tkl-x]-) + E)k(Tiji)
= akamTkmxix]- + amTkm (akxl-xj + xial"x]-) + akaix]- + Tkiaka
+8ka]-xi als Tk]'akxl'
= akBmTkmxixj + 0" Ty, ((Sfx]- + xiéf) + akaix]' + Tki(j;(
+aka]-xi + Tk]'éfc
= BkBmTkmxix]- + amTimx]- + amijxi + akaix]- + T]'i + aka]-xi + Ti]'
Because the energy-momentum tensor is symmetric, le- = Tl-]-. We can also relabel

the dummy index m to k on the second and third terms, so that these terms combine
with the fourth and the sixth terms. We're then left with:

akam(Tkmxix]-) = 8k8mTkmxixj + Zakaix]' + Zaka]-xi + ZTi]'
Now, one more product rule trick - the second and third terms can be written as:

akaix]' = ak(Tkix]') —Tji
O Tyx; = 9°(Tyjx:) — T

You can verify these hold by writing out the derivatives on the right.
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Using these, we can write the quantity akam(Tkmxixj) in the form:

akam(Tkain) = akamTkmxixj + Z(Bk(Tkixj) = Tﬁ) ar Z(ak(Tiji) = Ti]') + 2Ti]'
= akamTkmxix]- + 28"(Tkix]~) + Zak(Tiji) - ZT,']'
= akamTkmxin + 2ak(TkiX]' + Tijl-) = 2Ti]'

The point of all of this is to rewrite the volume integral of T;;, so we can solve this to
get an alternative expression for T;; and then take the volume integral on both sides:

1 1
ff ledv = EfffakamTkmxixjdV+ ff 8" [Tkin + Tiji = Eam(Tkmxin) dV

The second term on the right is a total divergence. The divergence theorem states
that the volume integral of a divergence can be written as a surface integral over the

boundary, so if we denote Ay;; = Tyix; + Tjx; — 0" (TxuXix;) / 2, the second term is:

ff akAki]'dV = ﬁAkﬁnde

Our volume integral here is taken over the source region, and we're assuming that
whatever that source region is, all energy and momentum is contained inside it. If
nothing leaves the source region, the energy-momentum tensor should itself go to

zero at the boundary (meaning Ay;; o« Ty; — 0 as we approach the boundary of our
source region). Therefore, this surface term should be zero and we're left with:

ff Tl-]-dV = 1fff8k8’”TkmxixjdV
2

There is one last step we need to do, and that is to use the conservation of the energy-

momentum tensor, a“TW = (. This can be split into two equations, one forv = 0
and another for v = 1 (which itself is really three equations). For both equations, we
can write out the summations over the dummy index u in the following form:

{aHTyO =9"Too+9'Tio =0 R {aOToo = -9'Ty
0"'Tyi = 9'Toi + 9" Ty = 0 0°Toi = — " T
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Taking the d'-derivative of the second equation and inserting it into the first equation:

0'0°Ty; = — 9'0F Ty,

= 9%9'Ty = — 90 Ty
N——
—9%Tyo

= aOaOToo = aiakai

So, energy-momentum conservation allows us to rewrite the "double-divergence" of
T in terms of the second time derivative of T(y. Our relation above then becomes:

[[[ Tsav = % [[[ o Tinemsav = % [[[ 222 Toimsav

The last thing to do is to write 3°9° = 97 / ¢2 and move the partial derivatives outside
the integral to become total derivatives (this is allowed because we assume the
integration variables themselves do not depend on time). The final result is:

1 d°
ff Ti]'dV = ——2fffTooxzx]dV
2c? dt

Similarly, we can use energy-momentum conservation on aj(Tojxi) = ajTojxl- + T,
to write BjTjO = — 9Ty = ¢719;Tg0, and then integrate both sides:

aj(Tojxi) = &)/Tojxi + T,

= f f f E)j(Tojxl-)dV: f f f lafTooxidV+ f f ToidV
= # Tojxin'dS = —— f f f TooxidV + f f f TodV

The surface integral on the left (which comes from the divergence theorem again)
should vanish by the same logic as earlier, so that:

([ rwav = -1 [ raeav
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The useful thing about the tensor virial theorem relations is that they allow us to write
integrals over the source region only in terms of Ty, which is arguably the simplest
energy-momentum tensor component. Consequently, we can then write the components

hfﬁ of our solution to the linearized field equations also completely in terms of T:

AG d 2G d°
TR TR
= ﬂ Toodv h = — _C5r_dtﬂ T()oxidv, hzj = C rdtzﬂ TooxindV

For non-relativistic (weak and slowly moving) matter, we can take Ty = pcz. This gives
the metric components in terms of the monopole, dipole and quadrupole moments:

TR ff
pc
4
hor = ——Gifffpc xidV = - d
cOrdt

2G d° G
nIR = E r;tz ff pcxixidV = —Q

4GM

A\

The dots here are short-hand for time derivatives, meaning di = dd, /dt and Qi]- = szij / dt>.

Remember what we discussed earlier - only a time-varying quadrupole moment
radiates gravitational waves. The monopole moment M (= total mass) should be constant
in a closed system and the dipole moment d; can be made to vanish by an appropriate

reference frame choice, so neither hoo or hgl-R contain any physical gravitational waves.

If gravitational waves are all we care about, we should next apply the transverse-traceless
gauge, which keeps the radiative components but sets everything else to zero. Our
solution here is in the far-field, so the transverse-traceless gauge should be valid. In that

case, applying it sets hgg = 0, and our solution becomes completely specified by h;gT.

How do now we get the transverse-traceless part hET from our solution written in terms of
the trace-reversed perturbation? We can do so by the approach developed earlier: first, we

A

set up a wave frame {g, p, k}, which also defines the transverse-traceless projector Ai’}m.
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Then, by acting with the TT-projector on the trace-reversed perturbation, we'll get the
transverse-traceless perturbation h;gT = Af]""h;}fl This gives us the quadrupole formula:

h}]jT = —A:?an](t — r/C) ,Where Qlj = ff pxix]-dv'

C41’
Reminder: A" =1/ (q"q" = p"p") (q:q; — pip)) + Yo (q"p" + p™"q") (qip; + pici))-

This very well-known formula allows us to calculate the gravitational waves produced from
any source in the far-field region. It puts our earlier reasoning of why a time-varying
quadrupole moment radiates into mathematical terms. If we know the mass distribution

p of our source region, we can calculate how it radiates out gravitational waves!

In practice, we'll often want the two polarization components as well. The quadrupole
formula can be equivalently written as two equations for the plus- and cross-components

by using h, =1/, (qiqj - pipj)hE}R and hy =1/ (qipj + piqj) th from earlier:
O g5 4 ae
he = (@'d =pP)Qytt=r/0)

G, . . e
he = —(q'p" +p'q’) Qi(t -1/ c)

C41"

These expressions describe how any source configuration radiates the two characteristic
polarization modes, I, and hy. They allow us to directly calculate these (with respect to

our choice of the polarization basis {, p}) from essentially just the mass distribution.
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How To Calculate Gravitational Waves From a Source

1. Write down the mass density function, p = p(t, x). For a source consisting
of discrete masses (e.g., binary stars), you'll need the positions of each mass.

2. Calculate the quadrupole moment from the volume integral:

Qij = fffpxixjdv

3. Take the second time derivative of the quadrupole moment and evaluate

it at the retarded time, f — '/ ¢, which gives you Ql](t r/c). This is the step
that gives the "wave-like" behaviour, Qi]-(t —r/c) ~ f(wt —kr).

4. Define a wave frame, meaning a basis {7, P, IAc} based on the wave
A ->
propagation direction k = k / k. In the far-field region, the propagation

direction k is always radially outward from the origin.
5. Calculate the characteristic polarization components of the produced waves:

G [N

he = —(q'9' = p'p!) Qi(t =7/ c)
c'r
G R

hx = —(q'p' +p'¢)) Qij(t =1/ )
c'r

Equivalently, you can also use the full quadrupole formula:

1

= _Aanij(t —r/c)
ctr
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5.4. Example: Binary Star Systems

To finish our discussion of gravitational waves, we'll work out a full example. One of the
simplest systems that can produce gravitational waves is a binary mass system: two
masses (e.g., stars) orbiting each other around a common center of mass. Such a system
has a time-varying quadrupole moment, and can therefore radiate gravitational waves.

For this example, we'll take two masses 111 and my both in circular orbits. We can place
> >
this system in the xy-plane and denote the positions of the masses r, (f) and 7, (f). The

masses orbit a common center of mass, or barycenter (closer to the larger mass), the

N
position of which we'll denote R(f). The separation of the masses is ?(t) = 1_’)1(1‘) — 172(1‘):

Barycenter at

This problem is basically a special case of the more general two-body problem. We'll
need just one result from theory of the two-body problem, which is that the positions of

_)
the two masses can be written in terms of the center of mass position R(t) - which is

. -
equal to the dipole moment, in fact - and the separation between the bodies, 7(t), as:

- mo
7. (t) = R(t) + —7(t)
] , where Ml = m + mj> is the total mass.

> g mi
7alt) = R - 270

These relations are completely general and don't require any assumptions about circular
orbits. For our problem, however, we can choose to work in the so-called center-of-mass

ﬁ
frame in which the center of mass is always at the origin, so R(t) = 0.
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If the distance between the masses is a (constant for circular orbits), we can write the

separation vector as a function of time as 1_’)(1‘) = (a cos Qt, a sin ()t 0), where () is the
orbital angular frequency () = 27t/ T. The positions of the masses in this frame are then:

> my moa

r.(t) = —r(t) = —(cos Qt, sin Qt,0

< 1 () i () M( )

5 mi s mia

r,(t) = ——r(t) = — —(cos Qt, sin Qt,0
»(f) Y, () M( )

v(t)
Barycenter

at the origin

Okay, we have the positions of both masses as functions of time now. The next step is to
write down the mass density function of the system, which is given by delta functions:

pt, x) = m 63 (X = 7, (B) + mad (X — 7, (1))

The mass density should be zero everywhere except at the positions of the masses where it is
technically infinite. Explicitly, 63(; - ?l(t)) = 6(x — mpa [ M cos Qt)6(y — mya | M sin Qt)5(z).

Next, let's calculate the components of the quadrupole moment, Qi]- = fffpxixjdV.

We have the coordinates x; = (x1, X2, x3) = (x, Y, z), so the Q11-component would be:

Q1 = f f px3dV = my f f f X253 (X~ F,()dV + my f f f X253 (X~ 7, (H)dV
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When integrating these delta functions, they essentially just pick out the values
x = moa/Mcos Qt and x = —mqa/ M cos Qt, so the volume integrals become:

2 2
moa mqa mim
Qu =m [—2 cos Qt] + 1113 [——1 cos Qt] = ——2 (my +my )a? cos®Qt = pa® cos’Qt
M M M2 N————
=M

We've defined 11 = mqim; / M as the reduced mass. It's a common parameter in orbital mechanics.

Here, u = mym, [ M is the so-called reduced mass. For the other components of Qi]-:

Qp = ff px1x2dV = mlfffxyé (x—rl(t))dV+ mszfxyé (x—rz(t))dV

moa
= m1—2 cos Qt— sin Ot + my | ——— cos Qt||-—— sm Qt| = ya cos Qt sin Ot
M M M M

Qx = f f f px2dV = my f f f 203X — 7 (D)dV + my f f f Y203 (X — 7y (H)dV
2

moa mia .
= m (— sin Qt] + 1My [—— sin Qt] = ua? sin?Qt
M M

Q13 =023 =03 =0
For the quadrupole formula, we also need to take second time derivatives of these:

.. 4?2
Qu = yazﬁ cos’Qt = — Zyazﬁz (cos?Qt — sin*Qt)

.. 42
Q= yazﬁ(cos Qtsin Qt) = — 4ya2Q2 cos Qt sin Qt
t

2

,d :
sz = a ? sin?Qt = 2ya2Q2 (cos?Qt — s1n2Qt)

These can be simplified using the trigonometric identities cos?Qt — sin®Qt = cos 20t
and cos Qt sin Qt = 1/, sin 2Q¢, which give:

Qi = —2ua’Q?cos2Qt QO = —2ua*Q*sin2Qt  Qyp = 2ua*Q? cos 2Q1
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For last, we should evaluate these at t — r/ c like in the quadrupole formula. This gives us,
essentially, wave-like expressions that have a wavenumberk = w/c = 2Q/c:

Qut—r/c) = —2ua*Q? cosQRQ(t —r/c)) = —2ua*Q?* cos(2Qt - kr)
Qu(t—r/c) = —2ua®Q?sinRQ(t —r/c)) = —2ua*Q? sin(2Qt - kr)
sz(f —-r/c) = 2#112512 cos(2Q(t-r/c)) = ZyaZQZ cos(2Qt — kr)

Q13 = Q23 = Q33 =0

To apply our quadrupole formulas and calculate our polarization components, we should
choose a wave frame. Our gravitational waves are all propagating in the r-direction
(k = é,), so a natural choice would be to choose the polarization basis {7, p} as the

normalized angular basis vectors in spherical coordinates, § = ¢, and p = ¢,;:

» Y

X

The Cartesian component representations of 4 and p in terms of r, 6 and ¢ are then:

11 cos 0 cos ¢ p1 —sin @
q=|q2|=| cosOsing p=|p2|=| cosg
q3 —sin 6 p3 0
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We now have everything we need to calculate the the plus- and cross-polarization
components! These turn out to be, from the quadrupole formulas (we're skipping a bunch
of the trigonometric algebra here - you are free to fill in the details yourself, and if you do,

you may need the formulas cos?@ — sin®g = cos 2@ and 2 cos ¢ sin ¢ = sin 2¢):
G ij iig
he = - (@d' =pP)Qyt=1/0)

G - 2G .G )
g G [ A [ O S Lo

22
= —% (1 + cosZG) [cos 2¢ cos(2Qt — kr) + sin 2¢ sin(2Qt — kr)]
c’r
G i iing
hx = (@'p +p') Qe —r/e)

G . 2G . G .

= —(@'p' +p'a)Qu+—(a'p* +p'9?) Qu+ — (4" + ") Qo
cr cr cr

_ 4Gua*Q?

C41”

cos O[sin 2¢ cos(2Qt — kr) — cos 2¢ sin(2Qt — kr)]

These rather long trigonometric expressions have the form of trigonometric sum formulas,
namely, cos 2¢ cos(2Qt — kr) + sin 2@ sin(2Qt — kr) = cos(2Qt — kr — 2¢) and
sin 2¢ cos(2Qt — kr) — cos 2¢ sin(2Qt — kr) = —sin(2Qt — kr — 2¢)). Therefore:

r

2Gua*Q* 1 20
h, = - WZ oS cos(2Q0t — kr — 2¢)
c r
' 4Gua*Q* cos 0
hy = - 1 sin(2Qt — kr — 2¢)
c r
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We could also write the full metric perturbation in the form of a 4 X 4 matrix:

BT =
H C4

Note: using Kepler's third law T? = 41t*a® | GM here to write a = (GM/ Qz)

2Gua*Q)?

0

0
0

0
1+ cos?0
_reosy cos(2Qt — kr —2¢)
-
2 cos 0
cos sin(2Qt — kr — 2¢p)
r
0

0 0
2 cos 6
087 sin(2Qt—kr—2¢) 0
»
1 + cos?6

cos(2Qt —kr —2¢) 0
0 0

1/3
would reveal that

the gravitational wave amplitude depends on the orbital frequency of the binary as o Q23

What can we say about these? First, the frequency of the emitted gravitational waves is
twice the orbital frequency of the binary, @ = 2). This makes sense since the quadrupole
moment repeats itself after every 180° (it just flips sign), so after just half an orbit for the
binary, the gravitational waves emitted from it have already gone through one full period.

Looking down from the z-axis:
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We can also see that the effect of the azimuthal angle @ of our observation point is only
a phase shift in the wave, namely, a phase shift of 2¢. Both of these factors of 2 are
reflections of the tensor (or spin-2) characteristics of gravitational waves.

Another interesting feature is that the amplitudes (e, and €y) of the two polarization
modes are not constant anymore in this case. Rather, they both depend on r and O:

2Gua*Q* 1+ cos?0
€+ — 1
c r
4Gua*Q? cos 0
€Ex = 1
c r

These fall off with distance to the source as ~ 7™}, which reflects the fact that the waves
are spreading out from the source in all directions. The further they travel, the larger an
area they will have spread out over, so the amplitude in any one direction will be smaller.
So, "real" gravitational waves tend to get weaker the further they propagate from their

source through this ~ r"l-dependence - actually just like electromagnetic waves.

The most interesting feature might be the 6-dependence of the two polarization modes.
The coordinate @ is the polar or inclination angle of our observation point, which means
that the polarization (+ or X) of the emitted waves we observe depends on the
inclination of the orbital plane with respect to our observation point. When the emitted
waves arrive at our location, they can appear either plus-polarized or some combination of
plus- and cross-polarizations depending on our observation angle. They are never purely

cross-polarized since 1 + cos?6 # 0 (unless we were to rotate our coordinate system):

« At 0 = 71t /2 (when we're aligned with the orbital plane), ex = 0 but €, # 0: the
emitted gravitational waves are completely plus-polarized.

« At O = 0 or 8 = 1 (looking at the orbital plane "from above" or "below"), €, = €:
the waves consist of an equal amount of plus- and cross-polarizations, which is a

circularly polarized gravitational wave. The polarization pattern is a rotating ellipse.

« At any other inclination, we'll generally find €, # €, and that both polarization
modes are non-zero. This would be an elliptically polarized gravitational wave.
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PN Circular polarization
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Circular polarization
(opposite handedness)




